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UDC: 519.682.5

LOWER BOUND OF THE ESSENTIAL SPECTRUM OF A FAMILY
OF 3x3 OPERATOR MATRICES

Tosheva Nargiza Ahmedovna,
Bukhara State University, Bukhara, Uzbekistan
n.a.tosheva@buxdu.uz

Abstract. A family of 3x3 operator matrices H(K), K e(—x,7x] corresponding to the system of
non-conserved and no more than three particles on a 1D lattice is considered. Considered family of operator
matrices is defined as a linear, bounded and self-adjoint operator acting in the three-particle cut subspace of
the Fock space. The number and location of the eigenvalues of the generalized Friedrichs model is

investigated. We find a finite set A — (-, 7] and give an estimate for the lower bound of the essential

spectrum of operator matrix H(K) forall Ke A .

Keywords: operator matrix; bosonic Fock space; annihilation and creation operators; generalized
Friedrichs model.

Annomauus. Paccmampusaemcs cemeiicmeo 3x3 onepamopnvix mampuy H(K), Ke(-x, 7],
COOMBEMCMEYIOWUX CUCTEMAM C HECOXPAHAIOWUMCA U He DoNlee MpPEX Yacmuy Ha 0OHOMEPHOU peuémke.
Hccnedyemoe cemeticmeo  OnepamopHvlx Mampuy —OnpeodenieHo Kak —JIUHelHblll, O02PAHUYEHHbIl U
CaMOCONPANCENHDI  ONEpamop 6  mMPEXYacmuuHoM — 0OPe3aAHHOM — NOONPOCMPAHCMEe  (POKOEEKO20
npocmpancmea. Mcciedoeano 4ucio u Mecmonaxoncoenue cob6CmeeHHbX 3Havenuti 0000uénnol mooeu
@pudpuxca. Haiideno xomeunoe mmnoxcecmeo N C(—m,7] u nomyuena oyenmxa ona nusicneti epanu

:

cywecmeennozo cnexmpa onepamopnoii mampuysr H (K) npu ecex K e A .

Knwouesvie cnoea: onepamopuas mampuya, 0030HHOe npocmparcmeo Doxa, onepamopul
VHUUMONCEHUS U POdAHCOeHUsl, 0000wénnas modenvb Ppudpuxca.

Annotatsiya. Bir o ‘Ichamli panjaradagi soni saglanmaydigan va uchtadan oshmaydigan zarrachalar
sistemasiga mos H(K), K € (—m,m] — 3x3 operatorli matritsalar oilasi garalgan. O ‘rganilayotgan
operatorli matritsalar oilasi Fok fazosining girgilgan uch zarrachali gism fazosidagi chizigli, chegaralangan
va 0 z-0 ziga qo ‘shma operator sifatida aniglangan. Umumlashgan Fridrixs modeli xos giymatlari soni va
joylashuv o ‘rni tadgiq gilingan. Shunday A < (=7, 7] chekli to ‘plam topilib, barcha K € A larda H(K)
operatorli matritsa muhim spektrining quyi chegarasi uchun baholash olingan.

Kalit so’zlar: operatorli matritsa; bozonli Fok fazosi; yo'‘qotish va paydo qilish operatorlari;
umumlashgan Fridrixs modeli

Introduction. Block operator matrices are matrices the entries of which are linear operators between
Banach or Hilbert spaces [1, 2]. Every bounded linear operator can be written as a block operator matrix if
the space in which it acts is decomposed in two or more more components. Operator matrices arise in various
areas of mathematics and its applications: in system theory as Hamiltonians, in the discretization of partial
differential equations as large partitioned matrices due to sparsity patterns, in saddle point problems in non-
linear analysis, in evolution problems as linearizations of second order Cauchy problems and as linear
operators describing coupled systems of partial differential equations. Such systems occur widely in
mathematical physics, e.g. in fluid mechanics, magnetohydrodynamics, theory of solid-state physics,
guantum field theory, statistical physics and quantum mechanics.

Notice that one special class of block operator matrices are Hamiltonians associated with systems of
non-conserved number of quasi-particles on a lattice. Their number can be unbounded as in the case of spin-

boson models or bounded as in the case of "truncated” spin-boson models. It is remarkable that lattice
spin-boson model with at most two photons can be represented as a 6x6 operator matrix which is unitarily
equivalent to a 2x2 block diagonal operator with the 3x 3 operator matrices on the diagonal [3,4].

In the present paper we consider a family of 3x3 operator matrices H(K), KeT:=(-z;x].

These operator matrices are associated with the lattice systems describing two identical bosons and one
particle, another nature in interactions, without conservation of the number of particles. They act in the direct
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sum of zero-, one- and two-particle subspaces of the bosonic Fock space. We discuss the case where the
dispersion function &(-) has the form &(x) =1—cos(nx) with n>1. We denote by A the set of points T
where the function &(-) takes its (global) minimum. Under some smoothness assumptions on the parameters
of H(K), we estimate the lower bound of the essential spectrum of H(K) .

Family of 3x3 operator matrices and main results
Let T be the one-dimensional torus, H, :=[] be the field of complex numbers, H, := L,(T) be the

Hilbert space of square integrable (complex) functions defined on T and H, := L5(T?) be the Hilbert

space of square integrable (complex) symmetric functions defined on T2. The Hilbert space
H:=H, ®H, ®H, is called three-particle cut subspace of a bosonic Fock space F (L,(T)) over L,(T),

respectively.
In the present paper we consider a family of 3x3 operator matrices H(K), K T acting in the

Hilbert space H as

HOO(K) HOl O
H(K)=| H;  Hu(K) Hy,
0 H;Z HZZ(K)

with the entries
Hoo (K) Ty =wp(K) o, Hof, = [ () (Ot

(Hu(K) )00 =w (K £,(x), - (Hy, £,)(0) = [v@®) £, (x tyet,

(Hu (K) )% y) =w,(Kix, y) fo(x,y),  fieH, =012
where H; (i < j) denotes the adjoint operator to H; -
Here w,(-) is a real-valued bounded function on T, the function v(-) is a real-valued analyticon T,

the functions w,(;-) and W, (-;-,-) are defined by the equalities
W, (K; x) = lLe(X)+Le(K—=x)+1, wW,(K;X,y):=lLe(X)+le(y)+Le(K—-x-yY),
respectively, with 1,1, >0 and
g(x):=1-cos(nx), neN.

Under these assumptions the operator H (K) is bounded and self-adjoint.
We remark that the operators H,, and H,,, resp. H,, and H_, are called annihilation resp. creation

operators, respectively. It is clear that
Hy,:H, > H,, (H,f)X)=v(x)f,, f,eH,;

Mt Hy > Hay (HLE)(00) = 2000 B0) V() ), e,

To study the essential spectrum of the operator H(K) we introduce a family of bounded self-adjoint
operators (generalized Friedrichs models) h(k), k € T, which actsin H, ®H, as

h k — hOO(k) hOl
()'_( hy, hu<k)j’

where
1
o) = (o) +D o, oy =2 [vO Ot

(h, (K) T)(Y) = E (V) Tu(y),  E(y) = La(y) +le(k-y).
Let the operator h,(k), ke T actsin H, ®H, as

0 0
v "(o hu<k>]'
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The perturbation h(k)—h,(k) of the operator h,(k) is a self-adjoint operator of rank 2, and thus,
according to the Weyl theorem, the essential spectrum of the operator h(k) coincides with the essential
spectrum of hy(k). It is evident that o (h,(K)) =[E,;, (K); E...x (K)], where the numbers E_; (k) and
E, o (K) are defined by

min

Emin (k) = ml.p Ek(y) and Emax (k) = maTX Ek(y)
ye ye

This yields o (h(k)) =[E,;, (K); E o (K)]-

For any k € T we define an analytic function A(K;-) (the Fredholm determinant associated with the
operator h(k) in 0 \[E,;, (K); E,., (K)] by

Ak;z) = Le(k)+1-z 1 M
2°TE (t)-z
Note that for the discrete spectrum of h(k) the equality
Oee (N(K)) ={2 €0 \[Epyy (K); B (K] A(K; 2) = 0}

holds (see Lemma 1).
The following theorem [5, 6] describes the location of the essential spectrum of the operator H (K)

by the spectrum of the family h(k) of generalized Friedrichs models.
Theorem 1. For the essential spectrum of H(K) the equality

T (H(K)) = ({0 (MK = X)) +Le ()}, s M, ] €

xeT

holds, where the numbers m, and M, are defined by
my = miQWZ(K;x, y) and M, = ma>T<W2(K;x, y).
X,ye X,ye
Let A be asubsetof T given by

A= {O;igﬂ';iﬂﬂ';...;iiﬂ'}unn,
n n n

where

n—2, if n iseven , If n iseven

"= ) ) and II, := ) i .

n-1, if n isodd <, if nisodd

Direct calculation shows that the cardinality of A is equal to n. It is easy to check that for any
K e A the function w, (K;-,-) has non-degenerate zero minimum at the points of Ax A, thatis, m, =0

for K e A.
Since 0 A the definition of the functions w,(-;-) and W, (+;-,-) imply the identity h(0) =h(k) for
all k e A.

For >0 and aeT we set
U (@):={xeT:|x—-al<d}.

We remark that, if v(x") =0 for some X' €T, then from analyticity of v(-) on T it follows that

there exist positive numbers C,;,C, and & such that the inequalities
C, I Xx=XQu(X)I<C, | x—X"P*?, xeU,(X) (2)

hold for some SB(X’) € N.

Since for any K e A the function w,(K;--) has non-degenerate zero minimum at the points
(X', y') € Ax A, we obtain the following expansion

nz ! ! r !
Wy (K3, y) = [+ 1) X=X P42l (x=Xy =y )+ (+ L) Ly =y 'F ]
+0( x—-x'[)+0(y-y'[")
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as | Xx—=X'|,|] y—=y'|>0 for K,x,y" € A. Therefore, for any K € A there exist C;,C, >0 and

o > 0 such that estimates hold
ClXx=XP+y=y ) <w(K;x y) <C, (I x=X"P +|y—=Y' "), (X, ¥) €U (X)xU,(y); ()

w, (K;%,y) 2 C,, (%, ) £ (JU, (<) x (JUs(Y). 4)
x'eA y'eA
Hence, if v(x") =0 for all X" A, then using the inequalities (2)—(4) one can easily seen that the
integral
I V2 (t)dt
Tw, (K;Xx,t)

is positive and finite forany K € A and xeT.
For X" € A the Lebesgue dominated convergence theorem yields
A(=X;—=le(x)) = lim A(—=x; -1,&(X)),

and hence, if V(x") =0 for all X" € A, then the function A(—x;—l,&(X)) is a continuous with respect

to X on T.
Set
7. (K) =min{A: 1 e o (H(K))}.
Then 7. (K) € o (H(K)) and it is called the lower bound of the essential spectrum of H(K).

The main result of the present paper is the following theorem.

Theorem 2. Let K € A. For the lower bound 7, (K) the following assertions hold.
(i) 1f v(x) # 0 for some X' € A, then 7, (K) <O0;

(ii) If v(x") =0 forall X'e A and miTn A(=x;-Le(x)) <0 then 7, (K) <O0;
(iii) 1f v(x') =0 forall X' A and miTn A(=x;—l,g(x)) =0, then 7, (K)=0.

This theorem is play a key role in the study of the number of eigenvalues of H(K), K € A.
Lower bound of the essential spectrum of H(K)
In this section first we study the discrete spectrum of the generalized Friedrichs model h(k) and then

we prove Theorem 2.
The following lemma is a simple consequence of the Birman-Schwinger principle and the Fredholm

theorem.
Lemma 1. For any fixed k € T the operator h(k) has an eigenvalue z(k) €lJ \[E,;, (K); E, . (K)] if

and only if A(k;z(k))=0.
In the next two lemmas we describe the number and location of the eigenvalues of h(k).
Lemma 2. If v(y') # Ofor some y’ € A, then for all X" € A the operator h(x') has a unique

negative eigenvalue.
Proof. Since the function w,(0;-,-) has the non-degenerate zero global minimum at the points

(0,0) € T?, by the implicit function theorem there exist & >0 and an analytic function y,(") on U(0)
such that for any XxeU,(0) the point Y,(X) is the unique non-degenerate minimum of the function
W, (X,-) and y,(0) = 0. Therefore, we have W, (X, Y, (X)) =m, forany x eU(0).

Let wz(,,-) be the function defined on U;(X)xT as wWz(X,Y):=W,(X,y+Y,(X)). Then for any

x €U (X) the function w2 (x,-) has a unique non-degenerate zero minimum at the point X € T. Now using

the equality
2 2
J- v, (t)dt :,[ A (t+y0(x))dt’ xeU,(0),
TW,(X,t)-m, T wy(x,t)
SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2023/1 (95) 60
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the continuity of the function v,(-), the conditions v,(0) =0 and y,(0) =0 it is easy to see that
lim OA(x; z) = —oo forall xeU(0).

Since forany x €T the function A(X;-) is continuous and monotonically decreasing on (—oo,m,) the
equality
limA(X; 2) = oo (®)

implies that for any x €U(0) the function A(X;-) has a unique zero z = z(X), lying in (—oo, m,).
By Lemma 1 the number z(X) is the eigenvalue of h(X).

Lemma 3. Let v,(X") =0.forany x' € A .

@) If rpelTn A(x;m) >0, then for any x € T the operator h(x) has no eigenvalues, lying on the left of
m.

(i) If rpEiTn A(x;m) <0, then there exists a non-empty set G T such that for any xeG the
operator h(X) has a unique eigenvalue z(X), lying on the left of m.

Proof. First we recall that if v,(0) =0, then the function A(;m) is a continuous on T. Let
TJT”A(X; m) > 0. Since for any xeT the function A(X;-) is monotonically decreasing on (—co,m) we

have A(X;z)> A(x;m)> miTn A(Xx;m) >0, that is, A(X;z)>0 for all XxeT and z <m. Therefore, by

Lemma 1 forany X €T the operator h(x) has no eigenvalues in (—o0, m).
Now we suppose that rpelTn A(x;m) <0 and introduce the following subset of T :
G:={xeT:A(x;m)<0}.

Since A(;m) is a continuous on the compact set T, there exists a point x° €T such that
rpEiTn A(X;m) = A(xo;m), that is, x° €G. So, the set G is a non-empty. Note that if rggrx A(x;m) <0,
then A(x;m) <0 forall XxeT and hence G =T.

Since for any xe T the function A(X;-) is a continuous and monotonically decreasing on (—oo, m]
by the equality (5) for any x € G there exists a unique point z(X) € (—o0,m) such that A(X;z(x)) =0. By
Lemma 1 for any x € G the point z(x) is the unique eigenvalue of h(X).

By the construction of G the inequality A(x;m) >0 holds for all X e T\G. In this case one can see
that for any X € T\G the operator h(X) has no eigenvalues in (—oo, m).

Proof of Theorem 2. Let v;(0)#0. Then by Lemma 2 there exists & >0 such that for any
X €U, (0) the operator h(x) has a unique eigenvalue z(X), lying on the left of m . In particular,
z(0) <m,. Since m=minm, =m, it follows that mino < z(0) <m, thatis, E_;, <m.

XxeT
Let v,(0)=0. Then two cases are possible: miTn A(X;m) >0 or miTnA(x; m) <0. In the case
miTn A(x;m) >0, by the part (i) of Lemma 3 for any xeT the operator h(X) has no eigenvalues in

(—oo, m), that is, mino >m. By Theorem 1 it means that E_,, = m.
For the case miTn A(x;m) <0, using the part (ii) of Lemma 3 we obtain mino <z(x") <m for all

X' €G, thatis, E_;, <m.
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