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Annotatsiya. Magolada ikki o lchovli simpleksda novolterra tipidagi kvadratik stoxastik operator
qaraladi. Simpleks markazi bu operator uchun yagona qo ‘zg ‘almas nuqta va u tortuvchi tipga ega ekan-
ligi isbotlangan. Lyapunov funksivasi qurilgan va u yordamida ixtiyoriy boshlang ‘ich nugtada bu opera-
tor traektoriyasi simpleks markaziga intilishi ko ‘rsatilgan.

Annomauua. B nacmosweil cmamve Mbl paccMampuéaeM HegoIbMEPPOSCKULl KEAOPAMUYHbLI
CMOXacmu4ecKuli Onepamop, Onpedenernblil Ha O8yMepHOM cumniekce. JJokazano, 4mo yenmp cumniex-
ca AGAAemes eOUHCMGEHHOU HeNOOBUIICHON MOYKOL 2MO20 ONepamopa u umeem nPUMAUGaowuLl mun.
Hocmpoena ¢ynxyus Janynosa u ¢ ee NOMowbio 00Ka3ano, ymo Os T060H HAYATLHOU MOYKU MPaeK-
MOPUA IMO20 ONEPAMOPa NPUOIUNCASICI K YEHMPY CUMNIEKCA.

Annotation. In the present paper, we consider a non-Volterra quadratic stochastic operator defi-
ned on the two-dimensional simplex. We showed that the center of the simplex is a unique fixed point of
this operator and it has attracting type. We constructed a Lyapunov function and using it we showed that
for any initial point the trajectory of this operator approaches to the center of the simplex.

Kalit so‘Zlar. kvadratik stoxastik operator, volterra va novolterra operatorlari, simpleks, traekto-
piya.

Knarouegble cnoea. keadpamuutsle CoXacmuyeckue opepanopbl, 0IbMEPPOSCKUE U HEGOIbIMED-
POGCKUE OREPAMopbl, CUMRIEKC, MPAEKMOPUSL.
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1. Introduction. The notion of quadratic stochastic operator was introduced by S.Bernstein
in [1]. Such quadratic operators arise in many models of mathematical genetics, namely, in the
theory of here-dity (see e.g. [3, 4,5, 6, 8,9, 7]).

A quadratic stochastic operator may arise in mathematical genetics as follows. Consider a biolo-
gical (ecological) population, i.e., a community of organisms closed with respect to reproduction. Sup-
pose that each individual of the population belongs only to one of the species (genetic type) 1, ...,m. The
scale of species is such that the species of the parents i and j, unambiguously, determine the probability
of every species k for the first generation of direct descendants. Denote this probability, called the inhe-
ritance coefficient, by p;; k. Evidently that p;;; = 0 for all i, j, k and that

E;{;l pij.k = 1, l',j,k = 1, e, M.

Let (x4, x3, ..., X;;,) be the relative frequencies of the genetic types within the whole population in
the present generation, which is a probability distribution. In the case of panmixia (random interbreeding)
the parent pairs { and j arise for a fixed state x = (xq, X3, ..., X;,) with probability x;x;. Hence, the total
probability of the species k in the first generation of direct descendants is defined by

' = El= pijexixp, k=1,...,m

The association x + x’ defines an evolutionary quadratic operator. Thus evolution of a population
can be studied as a dynamical system of a quadratic stochastic operator [6].

The paper is organised as follows. In Section 2 we recall definitions and well known results from
the theory of Volterra and non-Volterra QSOs. In Section 3 we consider a non-Volterra QSO and show
that this QSO has a unique fixed point. Moreover, we prove that this operator has the property being
regular.

2. Preliminaries. Let ™1 = {x = (x1,%3,...,Xp) ER™: x; 20, Y7, x; =1}

be the (m — 1)~ dimensional simplex. A map V of S™ ! into itself is called a quadratic stochastic
operator (QSO) if

VX) = Eili=1 PijicXiX; (1)
for any x € S™ ! and for all k = 1, ..., m, where
Pijk =0, Dijk =Djix, Zh=1Piyjx=1 Yijk=1..,m (2

Assume {x(™ € §™~1:n =0,1,2,..} is the trajectory of the initial point x € S™ 1, where
x* ) = y(x(MW) foralln = 0,1,2, ..., with x(@ =x.
Definition 1. A point x € ™1 is called a fixed point of a QSO V if V(x) = x.
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Definition 2. A QSO V is called regular if for any initial point x € §™~1, the limit
lim V(x(™)

n—oo
exists.

Note that the limit point is a fixed point of a QSO. Thus, the fixed points of a QSO describe limit or
long run behavior of the trajectories for any initial point. The limit behavior of trajectories and fixed
points play an important role in many applied problems (see e.g. [3, 6, 8, 7]). The biological treatment of
the regularity of a QSO is rather clear: in the long run the distribution of species in the next generation
coincides with the distribution of species in the previous one, i.e., it is stable.

Definition 3. A continuous function ¢: intS™~1 — R for an operator V if the limit Tlli_)n;norp(V" (x))

exists and finite for all x € ™1,

A Lyapunov function is very helpful to describe an upper estimate of the set of limit points.
However there is no general recipe on how to find such Lyapunov functions.

Let D,V (x™) = (dV;/ dx;)(x”) be a Jacobian of V at the point x*.

Definition 4.[2] A fixed point X" is called hyperbolic if its Jacobian D,V (x™) has no eigenvalues
on the unit circle.

Definition 5.[2] A hyperbolic fixed point x* is called:

i) attracting if all the eigenvalues of the Jacobian D,V (x*) are less than 1 in absolute value;

ii) repelling if all the eigenvalues of the Jacobian D,V (x*) are greater than 1 in absolute value;

iii) a saddle otherwise.

3. Main result. Consider the following two strictly non-Volterra QSOs on the two-

dimensional simplex
r 12,1 2,12
X =§x1 +§x2 +§x3 +2x1x2,
1 1 1
Viix', = §x12 + Exzz +§x§ + 2x,3, (3)

1 1 1
x'3 = Exf + gxzz +§x§ + 2x3x1.
Lemma 1. The center x is a unique and attracting point of the QSO (3).

Proof. The equation V (x) = x has the form

12,1 2,12
Xy =3xi+sxptoxst 2x1%7,

1 2,1 2,1.2
Xp =3X{ +3X3 +ox5+ 2x5%3, 4

X3 = %xij‘ + éxg + %xsg + 2x3%;.

As before, a solution of the system (4) is a fixed point. It is known that the QSO (3) is a continuous
operator and that the simplex over a finite set is compact and convex, so that by the Brouwer fixed-point
theorem there is always at least one fixed point. We rewrite the system (4) in the form

Xy — X3 = 2%,(X; — X3),
Xz — X3 = 2X3(X2 — X1), (&)
Xz — X1 = 2X1 (X3 — X3).
Let x* € §2 be a solution of the system (5). Assume that x; = x3. The rest is similar to this case.
Since x7 = x5 from the first equation of the system (5) we get x7 = x3. Using it from the second equation
of the system (5) we have x3 = x5. Using it from the last equation we obtain that x; > x;, that is
X1=x3 = x=x; = x3=x; 2 x3=x] = X] = X322 x5 = X7 =>x{=x§=x§=§.
Therefore it follows that the center ¢ = (1/3,1/3,1/3) is a unique fixed point.’
To find the type of the unique fixed point, using x3 = 1 — x; — x,, we rewrite the quadratic opera-

tor (3) in the form:
4 2 4 4 2 1
Xp=—cxP4+SxF—cxixptox, — x4,
3 3 3 3 3 3 )
4 2 4 2 4 1
§x2 - 5X1X2 - ;xl + 51’2 + 3
where (x1,%5) € {(x1,%2): %1, %2 =2 0,0 < x; + x5 < 1}, and x4, X, are the first two coordinates of
the points of the simplex S2.

One has that the partial derivations has the form

f_z 2
xZ—Exl_
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ax} 8 4 4 ax; 2

= ==Xy — <Xy + = =2y, —2x, -2
ax, 371 37273 gy, 372 371 3
x5 4 4 2 dx; 8 4 4
ax; X1 7302 Ty ax2—3x2 3¥1t3
and their values at the center c are equal
dxq _ dxy 1 ax; 2 dx; _
%, (=0, x, (0= 3’ ax, Ok 3’ x; () =0.
Thus, the Jacobian matrix of the operator (6) at the center c has the form:
1
0 _=
3
DxV(C) =|_2 0
3
Now let’s find the eigenvalues of the matrix DyV (c):
1
—u ——
’ vz
det| _2 _,|=0 = =%+ = |u[=sl
3

This shows that the center ¢ = (1/3,1/3,1/3) is an attracting point.
The proof of lemma completed.
Lemma 2. The function @(x) = |x; — X3| - |x2 — x3] - [x3 — x1| is a Lyapunov function for the
operator (3).
Proof. For ax € §2 from (3) one has
e(V(x) = [2x125 — 2x5x3] - |2x2%3 — 2x1x3] - |21 203 — 221 35|
= 8|xa| - |xg — x3| - |x3] - [x2 — 21| - [x1] - |23 — x5
2

=8 x x 000 < 8(22) 90 = (2) 90 < 9.

Thus the function ¢ (X) is a decreasing Lyapunov function for the operator (3).
The proof of the lemma completed.

Lemma 3. lim V™ (X(O)) = ¢ for any initial point x(®) € §2.

n—co
Proof. By Lemma 2 the function ¢(x) is a decreasing Lyapunov function. So from the form of
QSO (3) for the xX™, n = 0,1,2, ... one has

o) < (3)" 0 (x) < () 9 ().
Therefore it follows that
lim zp(x(”)) =0 & limx™=c¢c

n—co n—co
where we have used that ga(x(o)) is a bounded value.
The proof of the lemma completed.
Theorem. a) The QSO (3) has a unique fixed point c = (1/3,1/3,1/3);
b) The fixed point c is an attracting point;
¢) For any x(©) € S?, the trajectory {x(™} tends to the fixed point c;
d) The QSO (3) is a regular transformation.
Proof. Collecting together all three Lemmas we complete the proof of Theorem.
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