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 Annotation. Here we shall describe some of the simplest examples of 

domains in the space   . As usual, a domain is an open connected set, where 

openness means that along with any point of it the set also contains a neighborhood 

of that point, and connectedness of an open set D means that, for any points   

           there exists a continuous are 

          

for which 

        and             

 Key words: degree series, several variables, complex numbers, point, 

function.  

 

In this section, we introduce double series and we shall give the definition of 

their convergence and divergence. Then we study relationship between double and 

iterated series, and we give a sufficient condition for equality of iterated series. 

Definition. A function        is said to be R-linear (respectively C-linear) 

if: 

(a)                        for all         C
n
, 

(b)             for all      and all      (respectively all    ). 

Any   linear function in     has the form 

                                           

 

   

  

and any C-linear function has the form 

          

 

   

               

An   linear function l is   linear if and only if 

             

Definition. A function          where U is a neighborhood of a point    , 

is said to be R-differentiable (respectively, C-differentiable) at z if 
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where l is some R-linear (respectively   linear) function, and            as 

     

The function l is called the differential of  f at z and is denoted by the symbol df. 

Setting 

             

where 

               

is a complex vector and 

                 and                  

are real vectors, we can, in the general case of   differentiability, write the 

differential in the form [1-9] 

     
  

   
    

  

       
        

 

   

 

or, after passing to complex coordinates, in the form 

     
  

   
    

  

      
                                                               

 

   

 

where we have introduced the notations 

  

   
 
 

 
 
  

   
  

  

   
   

  

      
 
 

 
 
  

   
  

  

   
   

           

The first sum in (1) is denoted by the symbol    and the second by the symbol         

, so that 

   
 

   
                

 

   

  
 

        
    

 

   

                  

Theorem. For a function f that is R-differentiable at a point      to be C-

differentiable at z it is necessary and sufficient that the Cauchy-Riemann conditions 

      

hold. 

We see from (i) that    

                      

and  
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Therefore the condition of   differentiability  

              

is equivalent to the condition 

           for all       . 

The Cauchy-Riemann conditions  

      

are equivalent to a system of n complex equations 

                                   
  

         
 

 
 
  

   
  

  

   
      

or the equivalent system of 2n real equations 

  

   
 

  

   
               

  

   
  

  

   
                         

Where 

         and         . 

For     this system is overdetermined (contains    equations relative to two 

unknown functions) and this circum-stance is a principal difference of 

multidimensional complex analysis from the one-dimensional theory [6-18]. 

Definition. A function f is said to be holomorphic at a point       if it is C-

differentiable in some neighborhood of this point. On an open set the concepts of 

C-differentiability and holomorphy are the same. 

 We remark that in the definition of holomorphy on an arbitrary (not 

necessarily open) set M there is a subtlety, which is seen from the following 

example.  

Example. Suppose the set      consists of two closed balls 

                  
 

 
    and                   

 

 
   

 joined by the line segment 

                   
 

 
   

On M we define the function  

 
               

                

                  

  

It is obviously continuous on M, and for each point      one can contract a 

neighborhood      into which f extends as a holomorphic function. In fact, for any 

point of       , including the point 
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of intersection of          and  L, we can take as such neighborhoods balls that do not 

intersect        ,  and extend  f into them by setting it equal to   . For points of         

we make an analogous construction, only we set         . Finally, for interior 

points of  L we take balls that do not contain the ends of this line segment and set 

    in them. However, from the uniqueness theorem that we shall prove in 

subsection 5, it follows that f cannot be extended to a holomorphic function in any 

connected neighborhood   of the whole set  M. In fact, it follows from this theorem 

that there does not exists a function that is holomorphic in   that is equal to    in 

one ball from     and to      in the other. 

 From this example we see that it is necessary to distinguish functions that are 

locally holomorphic on a set, i.e., functions that can be  extended locally to a 

holomorphic function at each point of the set, and globally holomorphic functions, 

which extend to functions that are holomorphic in a neighborhood of the whole set. 

Later on, as a rule, in speaking about the holomorphy of a function on a set, we 

shall have global holomorphy in mind [13-25]. 

The sum and product of functions that are holomorphic at a point       are 

also holomorphic at this point, so that the set of all functions holomorphic at the 

point z forms a ring, which is denoted by the symbol    . The ring of functions that 

are holomorphic in a domain       is denoted by the symbol       . From the 

Cauchy-Riemann conditions we see that a function  f  that is holomorphic in a 

neighborhood       of the point     is holomorphic with respect to each variable 

   for fixed remaining variables (in a neighborhood of the point    
   on the 

complex line  

        
          

Further, since the system splits into equations in each of which the derivative with 

respect to only one of the variables occurs, it seems that the condition of 

holomorphy with respect to a set of variables does not impose any constraints on 

the dependence on the remaining variables. However, some constraint is 

nevertheless established: it turns out that a function that is holomorphic in U with 

respect to each variable    separately is certainly   differentiable with respect to 

all the variables jointly and then by Theorem 1 is holomorphic in U. 

Pluriharmonic functions. We start with a simple remark: if the function 

       

is holomorphic at a point      , then the function  
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is    differentiable in a neighborhood of this point and, for any             

      

   
 
 

 
 
      

   
  

      

   
  

  

        
   

there. Such functions       are termed antiholomorphic at the point z. 

Suppose f is holomorphic at a point        Then by the preceding remark we 

have 

       
 

 
       

for its real part 

  
 

 
       

in a neighborhood of z. We will also use the fact that the partial derivatives of a 

holomorphic function are also holomorphic. It follows from this that, for any 

              

   

           
 

 

        
 
  

   
                                                               

Separating the real and imaginary parts of the operator in the left-hand side of: 

 

        

 

   
 
 

 
 

  

      
 

  

      
  

 

 
 

  

      
 

  

      
   

we find that condition (2) splits into    second-order partial equations: 

   

      
 

   

      
              

   

      
 

   

      
                                     

             . 

 If we use the operators ∂ and     introduced in (2) of subsection (3), then the system 

(2) can be rewritten as a single condition  

                                                                                          

Definition. A function u of class    in a domain      that satisfies the 

condition (4) at each point of  D is said to be pluriharmonic in D. 

Pluriharmonic functions are connected with holomorphic functions of several 

variables in the same way that harmonic functions (in R
2
) are connected with 

holomorphic functions of one variable. Namely, we have the following two 

theorems: 

Theorem. The real and imaginary parts of a function f that are holomorphic 

in a domain      are pluriharmonic in D. 
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Proof. For the real part        the theorem has already been proved. Since 

if         ,  so is    , and since   

            , 

the theorem also holds for the imaginary part of   f. The converse is also true, but 

generally only locally. 

Theorem. For any function u that is pluriharmonic in a neighborhood U of 

the point  

             

 there exists a function f, holomorphic at  

         , 

 whose real (of imaginary) part is equal to u.  

           Proof. Instead of  

     
  

   
    

  

   
     

we consider the so-called conjugate differential 

       
  

   
    

  

   
     

 

   

 

The form first         is closed in U, since, because u is pluriharmonic, its 

coefficients are of class     and 

     
   

      
 

   

      
                  

 

     

 

   
   

      
 

   

      
           

 

     

 

But every closed form is locally exact, so that in a neighborhood of     there is a 

function   such that           it is expressed by the integral 

          
 

  
 

which does not depend on the path since      is closed. But then in a 

neighborhood of     

  

   
  

  

   
            

  

   
 

  

   
   

and consequently the function 
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is of class    and satisfies the Cauchy-Riemann equations of the preceding 

subsection; by Theorem 1 of subsection it is holomorphic at     and   

      . 

Adding these equations for 

           

we will find that the Laplacian of the function u with respect to the variables 

              

 satisfies 

     
   

   
 
 
   

   
 
 

 

   

    

Consequently, pluriharmonic functions form a subclass of the class of harmonic 

functions in the space      (obviously proper for    ). There naturally arises the 

question of the determination of a pluriharmonic function in a domain       

from given boundary values  (Dirichlet problem). This question is not solved as 

simply as in the case of harmonic functions [20-32]. We illustrate the difficulties 

that arise using the example of one of the simplest domains, the polydisc 

                 

Since, a pluriharmonic function is harmonic with respect to each variable 

          

in the disc 

        , 

we can successively apply the Poisson integral from subsection 2 of the Appendix 

to Part 1. For any     we obtain 

                 

  

 

                  

  

 

  

where  

                    

and  

          
 

  

      
 

       
 
 

in the Poisson kernel. Denoting by  

                 

 

   

 

the   dimensional Poisson kernel, by  
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                    (n times) 

the    dimensional cube, and by 

            

the volume element, we rewrite the Poisson integral formula in the following 

abbreviated form: 

                     

The right-hand side of this formula includes only the values of u on the skeleton    

of the polydisc, i.e., on the n-dimensional part of the boundary   . From this it is 

clear that one cannot arbitrarily give the values of a pluriharmonic function u on the 

whole boundary of the polydisc. If in the right-hand side we substitute the values of 

some function       that is continuous on  , then the function      defined in U by 

this formula will, as is not hard to check, satisfy the equations for all             

Simplest properties of holomorphic functions. Here we establish a number 

of elementary properties of holomorphic functions of several variables that are 

analogous to properties of functions of one variable. For brevity we shall denote by  

                                  

the polydisc with center a and vector radius 

           . 

We denote by 

           

the set of functions that are holomorphic in   and continuous in    . 

Theorem. Any function 

             

 at any point     is represented by a multiple Cauchy integral 

     
 

      
 

           
               

  

where   is the skeleton of U, i.e., the product of the boundary circles  

                                 

Proof.  Let    and    be the projections of   and   into     ; since for any  

       the function 

              

is holomorphic in      in the disc 

             

and is continuous in its closure, then by the Cauchy integral formula from theorem 
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Remark. As we see from the proof of Theorem 1, in order for a function f to 

be representable by a multiple Cauchy integral it is sufficient for  f  to be 

holomorphic in each variable     in the disc              and continuous with 

respect to the set of all variables in U. As in the case of one variable, from the 

Cauchy integral representation of a function we deduce the possibility of expanding 

it in a power series. For this we expand the kernel of the integral in a multiple 

geometric progression: 

 

   
 

 

   
 

 

   
     
     

     
     
     

 
 

 

   
  

   

   
 
 

 

   

  

where 

               

is an integer vector, 

              , 

and  

 
   

   
 
 

  
     
     

 
  

  
     
     

 
  

  

This expansion can be rewritten in the form 

 

   
  

      

        
 

 

     

 

where    

                   

for any     it converges absolutely and uniformly in   on  . Multiplying it by the 

continuous (and hence bounded) function               on   and integrating term-

by-term over  , we will obtain the desired assertion: 

Theorem. If  

            , 

 then at each point     it is represented as a multiple power series 

              
 

     

 

with coefficients 
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Remark. Any function        can be represented as the sum of a series at 

each point        For the proof it suffices to remark that the point z belongs to some 

polydisc  

      

and to apply Theorem 2 to    . 
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