— JIYYUIHE HHTEJUIEKTYAJIbHBIE HCCAEJOBAHHUA

3030-3680

METODS OF ASSEMBLING OF THE DEGREE SERIES OF SEVERAL
VARIABLES OF THE COMPLEX NUMBERS

Kh.G.Khayitova - teacher of the "Mathematical Analysis" department
Bukhara State University
xilola xayitova@mail.ru

Annotation. Here we shall describe some of the simplest examples of
domains in the space C™. As usual, a domain is an open connected set, where
openness means that along with any point of it the set also contains a neighborhood
of that point, and connectedness of an open set D means that, for any points
z',z"’e D there exists a continuous are

y:[0,1] - d
for which
y(0)=2z"and y(1)=2z""

Key words: degree series, several variables, complex numbers, point,

function.

In this section, we introduce double series and we shall give the definition of
their convergence and divergence. Then we study relationship between double and
iterated series, and we give a sufficient condition for equality of iterated series.

Definition. A function [: C™ — C is said to be R-linear (respectively C-linear)
if:

@ Iz +z)=Ilz)+1l(z")forallz,z eC"
(b) 1(Az) = Al(z) for all zeC™ and all AeR (respectively all A€C).

Any R —linear function in C™ has the form
n

(@)= ) (@2 +b5),  aubec,

v=1
and any C-linear function has the form
n

I(z) = Z ayZy, a,eC

v=1
An R —linear function | is C —linear if and only if
I(iz) = il(z.)
Definition. A function f:u — ¢, where U is a neighborhood of a point zeR,
is said to be R-differentiable (respectively, C-differentiable) at z if
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fz+h) = f(2) +1(h) +o(h),

where | is some R-linear (respectively C —linear) function, and o(h)/|h| — 0 as

h - 0.
The function | is called the differential of f at z and is denoted by the symbol df.
Setting
h =dz =dx + idy,
where

dz = (dzq, ...,dz,)
Is a complex vector and
dx = (dxy,..,dx,) and dy = (dy,, ...,dy,)
are real vectors, we can, in the general case of R —differentiability, write the
differential in the form [1-9]

n
9 of
df=z I g+ L
v=1 9%y 9y

or, after passing to complex coordinates, in the form

n
d of __
df=z S e+ 2L 7 )
v=1 0z 07y
where we have introduced the notations
af 1 ( of . af>
0z, 4\0x, lc’)y,, ’
of 1,0f  Of
oL 2,
0z, 2\0x, 0Oy,
v=12,..,n.
The first sum in (1) is denoted by the symbol df and the second by the symbol af
, SO that
n n
0= i 5= Laz, v=12
= azv Zy, = a Zy, v=14..,N
v=1 v=1

Theorem. For a function f that is R-differentiable at a point zeC™ to be C-
differentiable at z it is necessary and sufficient that the Cauchy-Riemann conditions
af =0

hold.
We see from (i) that
df (ih) = idf () —19f (h)

and
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idf (h) = iof (h) +19f(h).
Therefore the condition of C —differentiability
df (ih) = idf (h)
IS equivalent to the condition
df(h) =0 forall heC™
The Cauchy-Riemann conditions
af =0
are equivalent to a system of n complex equations
U LAy 2y,

0z, 2 \0xy vy
or the equivalent system of 2n real equations
Ju Ov ou dv
a—xv—a—yv, a—yv——axv, U—1,2,..,Tl.

Where

u=Ref and v =Ref.
For n > 1 this system is overdetermined (contains 2n equations relative to two
unknown functions) and this circum-stance is a principal difference of
multidimensional complex analysis from the one-dimensional theory [6-18].

Definition. A function f is said to be holomorphic at a point zeC™ if it is C-
differentiable in some neighborhood of this point. On an open set the concepts of
C-differentiability and holomorphy are the same.

We remark that in the definition of holomorphy on an arbitrary (not
necessarily open) set M there is a subtlety, which is seen from the following
example.

Example. Suppose the set M c C? consists of two closed balls

By ={lx—(DI=<:} and B; = {lx+ (0,10l <3},
joined by the line segment
1
L= {xl = O,Xz = X1, |x2| < E}

On M we define the function

Z,, z€B;
0, zel
—Z1, Z€B,.

It is obviously continuous on M, and for each point zy,eM one can contract a
neighborhood U,o into which f extends as a holomorphic function. In fact, for any
point of By, including the point
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of intersection of B; and L, we can take as such neighborhoods balls that do not
intersect B,, and extend f into them by setting it equal to z;. For points of B,
we make an analogous construction, only we set f(z) = —z;. Finally, for interior
points of L we take balls that do not contain the ends of this line segment and set
f =0 in them. However, from the uniqueness theorem that we shall prove in
subsection 5, it follows that f cannot be extended to a holomorphic function in any
connected neighborhood 2 of the whole set M. In fact, it follows from this theorem
that there does not exists a function that is holomorphic in 2 that is equal to z; in
one ball from 2 andto —z, in the other.

From this example we see that it is necessary to distinguish functions that are
locally holomorphic on a set, i.e., functions that can be extended locally to a
holomorphic function at each point of the set, and globally holomorphic functions,
which extend to functions that are holomorphic in a neighborhood of the whole set.
Later on, as a rule, in speaking about the holomorphy of a function on a set, we
shall have global holomorphy in mind [13-25].

The sum and product of functions that are holomorphic at a point zeC™ are
also holomorphic at this point, so that the set of all functions holomorphic at the
point z forms a ring, which is denoted by the symbol II,. The ring of functions that
are holomorphic in a domain D < C™ is denoted by the symbol I1(D). From the
Cauchy-Riemann conditions we see that a function f that is holomorphic in a
neighborhood U c C™ of the point z° is holomorphic with respect to each variable
z,, for fixed remaining variables (in a neighborhood of the point z2 on the
complex line

{ziz, =2z0,u#v }
Further, since the system splits into equations in each of which the derivative with
respect to only one of the variables occurs, it seems that the condition of
holomorphy with respect to a set of variables does not impose any constraints on
the dependence on the remaining variables. However, some constraint is
nevertheless established: it turns out that a function that is holomorphic in U with
respect to each variable z, separately is certainly R —differentiable with respect to
all the variables jointly and then by Theorem 1 is holomorphic in U.
Pluriharmonic functions. We start with a simple remark: if the function
f=u+iv
is holomorphic at a point zeC™, then the function
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f=u—iv
IS R —differentiable in a neighborhood of this point and, forany v = 1,2,..,n,
of _1(9f 9f\_of
a_a,zi<axv“ayv> 0z,
there. Such functions f are termed antiholomorphic at the point z.
Suppose f is holomorphic at a point zeC™. Then by the preceding remark we
have

0

1
ou/o0z, = Eaf/azv
for its real part
1
u = E(f + f)
in a neighborhood of z. We will also use the fact that the partial derivatives of a

holomorphic function are also holomorphic. It follows from this that, for any
wv=12..,n,

0%u _ 0 (0u ~ 0o @
02,0z, 0z,\0z,)

Separating the real and imaginary parts of the operator in the left-hand side of:

o a 1/ 0d? 02 i 02 02
ﬁa T4 <6xﬂ6xv * 6yﬂ6yv> + 4 <6xu6yv B ax,,ay)'
we find that condition (2) splits into n? second-order partial equations:
0%u 0’u 0%u 0’u
0x,0x, * 0x,0x, 0, 0x,0y, - 0x,0y, 0 3
(um,v=1,2,..,n).
If we use the operators 0 and 0 introduced in (2) of subsection (3), then the system
(2) can be rewritten as a single condition
dou = 0. (4)

Definition. A function u of class €2 in a domain D c C™ that satisfies the
condition (4) at each point of D is said to be pluriharmonic in D.

Pluriharmonic functions are connected with holomorphic functions of several
variables in the same way that harmonic functions (in R?) are connected with
holomorphic functions of one variable. Namely, we have the following two
theorems:

Theorem. The real and imaginary parts of a function f that are holomorphic
in a domain D c C™" are pluriharmonic in D.

http://web-journal.ru/ 308 Yacmv-22_ Tom-1_Hrwons -2024




— JIYYUIHE HHTEJUIEKTYAJIbHBIE HCCAEJOBAHHUA

3030-3680

Proof. For the real part u = Ref the theorem has already been proved. Since
if feq(D), sois —if, and since
Im f = Re(=if),
the theorem also holds for the imaginary part of f. The converse is also true, but
generally only locally.
Theorem. For any function u that is pluriharmonic in a neighborhood U of
the point
(xo,yo)eRZ",
there exists a function f, holomorphic at
z% = x% +iy?,
whose real (of imaginary) part is equal to u.

Proof. Instead of
du= <6u dx, + 2L g )
u= 0x,, v vy, Yo

we consider the so-called conjugate differential

d En ( o e 2 9%y )

k3 = —_—— —_ .

u ] ay, Xy ox, Yo
v=

The form first w =*du is closed in U, since, because u is pluriharmonic, its

coefficients are of class C! and
n

dw= ) Ou__ 0%\ (axondx, + dyundy,)
W= 0x,0y, 0x,0y, Xuh@Xy T QYN LYy

uv=1

n
+Z<azu+azu>d dy, = 0
x,ndy, = 0.
e 0x,0x, 0y,0y,) * Yo

But every closed form is locally exact, so that in a neighborhood of z° there is a
function v such that * du = dv: itis expressed by the integral

zZ
v(2) =f * du,
z0

which does not depend on the path since *du is closed. But then in a
neighborhood of z°

ov ou ov Jdu

ax, 0y, 0y, ox,’
and consequently the function

f=u+iv
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is of class C? and satisfies the Cauchy-Riemann equations of the preceding
subsection; by Theorem 1 of subsection it is holomorphic at z° and
u =Ref.
Adding these equations for
v=12,..,n,
we will find that the Laplacian of the function u with respect to the variables

X1 Y15 e X Yn

= (0%u 9%u
Au = Z <6x5 + 6y§> = 0.
v=1
Consequently, pluriharmonic functions form a subclass of the class of harmonic
functions in the space R?™ (obviously proper for n > 1). There naturally arises the
question of the determination of a pluriharmonic function in a domain D c R?*"
from given boundary values (Dirichlet problem). This question is not solved as
simply as in the case of harmonic functions [20-32]. We illustrate the difficulties
that arise using the example of one of the simplest domains, the polydisc
U = {zeC™: |z,| < 1}.

Since, a pluriharmonic function is harmonic with respect to each variable

Z, = Xy, + 1Yy,

satisfies

in the disc

{lz,| <1},
we can successively apply the Poisson integral from subsection 2 of the Appendix
to Part 1. For any zeu we obtain

2T 2T
u(z) = j p(cy,7)dt; .. j WP 2)dtr,
0 0
where

v =e",  ¢=1(S1, %)
and

1 1- |Zv|2

1 Zy) = oo g
pn(gv 1]) 27_[ |gv _ Zv|2

in the Poisson kernel. Denoting by

pn(s2) = | [pGuz)

the n —dimensional Poisson kernel, by
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qn = [0,2m] X ... X [0,27] (n times)
the n —dimensional cube, and by
dt = dt; ....dt,
the volume element, we rewrite the Poisson integral formula in the following
abbreviated form:

u(z) = f w()pa(s, 2)dt.

The right-hand side of this formula includes only the values of u on the skeleton I
of the polydisc, i.e., on the n-dimensional part of the boundary aU. From this it is
clear that one cannot arbitrarily give the values of a plurinarmonic function u on the
whole boundary of the polydisc. If in the right-hand side we substitute the values of
some function u(¢) that is continuous on I', then the function u(z) defined in U by
this formula will, as is not hard to check, satisfy the equations for all v = 1,2,..,n.

Simplest properties of holomorphic functions. Here we establish a number
of elementary properties of holomorphic functions of several variables that are
analogous to properties of functions of one variable. For brevity we shall denote by

U={zeC% |z, —a,| <mn, v=12,..,n}
the polydisc with center a and vector radius
r=(r,..,1n).
We denote by
@) nC)

the set of functions that are holomorphic in U and continuous in U.

Theorem. Any function

fepw) N C(U)
at any point zeu is represented by a multiple Cauchy integral
F2) = — j f()dss .. dsn
(27‘[1’)” (gl - Zl) (Gn - Zn),
where I is the skeleton of U, i.e., the product of the boundary circles
v, ={lz, —a,| =1}, v=12,..,n

Proof. Let 'z and ‘U be the projections of z and U into C™~1; since for any

'ze 'u the function

f(2) =f(zz)

is holomorphic in z, in the disc

{lzv - avl < rv}
and is continuous in its closure, then by the Cauchy integral formula from theorem
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f(z)=21. f(250)
i Sn — Zn

Remark. As we see from the proof of Theorem 1, in order for a function f to
be representable by a multiple Cauchy integral it is sufficient for f to be
holomorphic in each variable z, in the disc {|z, — a,,| < r,} and continuous with
respect to the set of all variables in U. As in the case of one variable, from the
Cauchy integral representation of a function we deduce the possibility of expanding
it in a power series. For this we expand the kernel of the integral in a multiple
geometric progression:

n-

11 1 1 i(z—a)k
¢c—z <c¢—a _4 T4 _Zn—"0n\ ¢—a c—al’
(1 61— a1) (1 on — an) =1
where
k = (ki kg ky)
IS an integer vector,

k| =ky +ky + -+ ky,

<z - a>" B <21 - al)kl (zn - an>kn
S—a G1— g Sn — Qn .
This expansion can be rewritten in the form

I = (z —a)k
s—z  £u(g—a)k+t’

|k|=0

and

where
k+1=(0ky+1,.. k,+1);
for any zeU it converges absolutely and uniformly in ¢ on I'. Multiplying it by the
continuous (and hence bounded) function f(¢)/(2mi)™ on I" and integrating term-
by-term over I", we will obtain the desired assertion:
Theorem. If
fepw) n C(0),
then at each point zeu it is represented as a multiple power series

f) = ) alz—a)
lk[=0
with coefficients

http://web-journal.ru/ 312 Yacmv-22_ Tom-1_Hrwons -2024




ISSN: JYYIIAE HHTEJTTEKTYAJTBHBIE HCCIEJOBAHHA

3030-3680

_ 1 f()ds
- @rn) (g-a)kt

Remark. Any function fep(u) can be represented as the sum of a series at
each point zeU. For the proof it suffices to remark that the point z belongs to some
polydisc

Ck

U ccU
and to apply Theorem2to U".
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