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In mathematics, Fredholm operators are certain operators that arise in the Fredholm theory of integral
equations. They are named in honour of Erik Ivar Fredholm.

A linear operator A from a Banach space X to a Banach space Y is called a Fredholm operator if

1. A is closed;

2. the domain D(.A) of A is dense in X;

3. a(A), the dimension of the null space N(A) of A, is finite;

4. R(A), the range of A, is closed in Y7

5. B(A), the codimension of R(A) in Y, is finite.

In particular, on the spaces Cla;b] or La[a;b] an operator of the form

b
(Ad)(x) = / K (. t)g(t)dt, (1)

where the kernel K(-,-) is continuous and hence square-integrable function on [a;b] x [a;b], is Fredholm. The
operator of the form (1) is also called a linear Fredholm integral operator with the kernel K(-,). In the present
note we considered the case where the kernel K(-,-) is degenerate.

Let T be the d-dimensional torus and L (T9) be the Hilbert space of square integrable symmetric (complex)
functions defined on T9.

In the Hilbert space Lo(T?) we consider the Fredholm integral operators of the form

(Aljfj)(x) - aji(x)/ aij(t)fj(t)dta fl S LZ(Td); 1< ja Za] = 172,37

Td

where a;;(-), 4, = 1,2,3 are the real-valued continuous functions on T9. Then it is easy to see that Afj = Aj;
for all 3,5 =1,2,3.

First we investigate the spectrum of A4; := Aj;. Direct calculations show that the operator .4; has a purely
point spectrum and the equality oy, (A1) = {0, |la11]|?} holds, where the number A = 0 is an eigenvalue of A,
with infinite multiplicity, the number A = ||a;1]|? is a simple eigenvalue of A;.

For the further discussions we denote

LE(TY) = {f = (f1, f2) ¢ fa € La(T), @ = 1,2},
LT o= {f = (f1, for f3) t fa € Lo(TY), a = 1,2,3}.

Notice that the norm and scalar product in ng)(’]I‘d) are defined as

= ([ neras [ nopas [ o)

(ro) = [ a0m@i+ [ 0@+ [ pomma

3
for f = (flaf27f3)’g = (.91792,93) € L(2 )<Td)
For n = 2,3 in the Hilbert space Lén)(']l‘d) we consider the following n X n operator matrix

A A Ann An Asgg
Ay = ( AH A12 ) , Agi=| Ao Az Al
S Az Aszy Asg

Under these assumptions the operator matrix A, is bounded and self-adjoint in Lga)(ﬂ‘d) for o = 2,3.
Operators of this type are arise in the process of constructing the Faddeev equations for the eigenfunctions
of the model operators corresponding to the Hamiltonians of a three-particle system on a lattice [1,2].
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Note that all matrix elements A4;; of A3 are one-dimensional operators, and hence depending on the functions
a;;j(+), i, = 1,2,3 the operator matrix A3 is an at most 9-dimensional operator. Analogously, the operator
matrix Aj is an at most 4-dimensional operator. Since Lo (T?), Lg) (T9) and Lég) (T9) are the infinite-dimensional
Hilbert spaces, that is,

dimLy(TY) = dim L (T9) = dim LS (T9) = oo,

the equalities hold:
Uess(Al) = Jess(AQ) = Uess(AS) = {0}

To study the non zero eigenvalues of the operator matrices A, & = 2,3 we introduce the following functions:

AH()\) A1o 0 0
1 0 Aga(N) Ay Aqs
B2V =1 AL, A Amly 0 |
0 0 Aoy Ayg(N)
A1(A)  Agg o Agg
Aoy Aga(A) -+ Agg
AN =] . . . . 7
Agy Agy < Ago(N)

where the matrix elements are defined by

A (A) = lan]? = A, A= (a11,a21), Az = (a11,a31);

A22()\) == Agy = ||l112||2, Ags = (012,a22), Agg := (1112,(132);
Agz(N) ==X, Agr = llais|®, Ass = (a13,a23), Asg:= (a13,a33);
Aygp = (az1,a11), A= llazi]?, Asg:=(a21,a31), Au(N) = —X;

Ay = (CL22,G12), Ass := ||6l22||2 = A, As = (a22,a32);

Ags(N) ==X\, Qg7 := (a3, a13), Ags = |lass|®, Agg = (as3,as3);

Az = (az1,a11), Aroi=(as1,a21), Agz:=[lasi]]®, Azz(A) ==X\

Agy = (agz, a12), Ass = (as2,a2), Ase:= [laz2|’, Ass(A) = —X;

Ag7 = (ag3,a13), Aog:= (asz,az3), Asge:= H(132||2» Agg(A) = ||6133H2 —A

A;; =0, otherwise.
In the following theorem we describe the point spectrum of A,, a = 2, 3.

Theorem 1. For a = 2,3 the operator matriz A, has a purely point spectrum and
opp(Aa) ={0FU{A e R: Ay(N) =0}

Moreover, the number A = 0 is an eigenvalue of A, with infinite multiplicity.

It can be seen that the function As(-) is a polynomial of order 4 with respect to A. Therefore, it has at most
4 real zeros (taking into account the multiplicity). Therefore, by virtue of Theorem 1, an operator matrix Ay
can have at most 4 (taking into account the multiplicity) eigenvalues with finite multiplicity. Analogously, an
operator matrix A3 can have at most 9 (taking into account the multiplicity) eigenvalues with finite multiplicity.

Using Theorem 1 and the fact about opp(A;) it is possible to find an exact representation of the numerical
range of the operator A,, a = 1,2, 3. It should be noted that since the operator A,, a = 1,2,3 has a purely
point spectrum, its numerical range W (A,) always a bounded (closed) segment and for o = 1,2, 3 the equality

W(Ay) = minopp(Aq); max opp(Aa)]

is valid. In particular, we have W (A1) = [0;[|a11]|?] . The study of quadratic numerical range of A, and cubic
numerical range of A3 needs an additional investigations.
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