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UNIQUENESS OF THE SOLUTION FOR A PARABOLIC-HYPERBOLIC 

EQUATION WITH FRACTIONAL ORDER CAPUTO OPERATOR IN 

TWO-DIMENSIONAL DOMAIN ON A BOUNDARY-VALUE PROBLEM 

 

N.I.Merajov,  

BukhSU, 2-course Master student 

 Abstract. In this paper we study a new problem for a parabolic-hyperbolic 

equation with fractional order Caputo operator in two-dimensional domain. There 

are many works devoted to study problems for the second order mixed parabolic-

hyperbolic and elliptic-hyperbolic type equations in rectangular domains with two 

gluing conditions with respect to second argument and with boundary value 

conditions on all borders of the domain. In studying the unique solvability of this 

problem, it becomes necessary to specify an additional condition on the hyperbolic 

boundary of the domain. For this reason, the considering problem became 

unresolved in an arbitrary rectangular domain. In this paper, we were able to remove 

this restriction by setting three gluing conditions for the second argument. 

2. PROBLEM FORMULATION 

We consider the following mixed equation 

{
𝑐𝐷𝑡

𝛼𝑢 − ∆𝑢 = 𝑓(𝑥, 𝑦, 𝑡) , 𝑡 > 0

𝑢𝑡𝑡 − ∆𝑢 = 𝑓(𝑥, 𝑦, 𝑡) , 𝑡 < 0
(1) 

in rectangular domain 𝐷 =  {(𝑥, 𝑦): 0 <  𝑥 <  1, 0 < 𝑦 < 1 , −𝑝 <  𝑡 <  𝑞}, 
where 𝑝 >  0, 𝑞 >  0 are given real constants and 𝑓(𝑥, 𝑦) is given continuous 

function, 

𝑐𝐷𝑡
𝛼 = 𝐼0+

1−𝛼𝑢𝑡 =
1

Γ(1 − 𝛼)
∫
𝑢𝜏(𝑥, 𝑦, 𝜏)𝑑𝜏

(𝑡 − 𝜏)𝛼

𝑡

0

  (2) 

is the Caputo differential operator of fractional order 0 < 𝛼 < 1 [7]. Notice, that 

Caputo differential operator expresses by the aid of fractional order Riemann–

Liouville integral [7]. where 𝛤(𝛼)is Euler gamma function [27],  

We introduce following denotations: 𝐽 =  {(𝑥, 𝑦): 0 <  𝑥 <  1,0 < 𝑦 < 1, 𝑡 =
 0}, 𝐷1  =  𝐷 ∩  {𝑥 >  0, 𝑦 >  0, 𝑡 > 0} , 𝐷2 =  𝐷 ∩ {𝑥 >  0, 𝑦 > 0, 𝑡 < 0} ,
𝐷 =  𝐷1  ∪  𝐷2  ∪  𝐽 . 
In the domain D we study the following problem. 

And let Ω = (0,1) × (0,1) 
Problem IU. To find a function 𝑢(𝑥, 𝑦) with following properties: 

1)𝑢(𝑥, 𝑦, 𝑡) ∈  𝐶̅(𝐷) ∩ 𝐶1(𝐷2 ∪  𝐽), 𝑡
1−𝛼𝑢𝑡(𝑥, 𝑦, 𝑡), 𝑡

2−𝛼𝑢𝑡𝑡(𝑥, 𝑦, 𝑡)  ∈  𝐶(𝐷1 ∪
 𝐽); 
2) 𝑢𝑡𝑡  ∈  𝐶(𝐷2  ∪  𝐽), 𝑢𝑥𝑥  ∈  𝐶(𝐷1  ∪  𝐷2  ∪  𝐽), 𝑢𝑦𝑦 𝐶(𝐷1  ∪  𝐷2  ∪ 𝐽) 𝑐𝐷0𝑦

𝛼  𝑢 ∈

 𝐶(𝐷1  ∪  𝐽) and satisfies to equation (1) in the domains 𝐷𝑗(𝑗 =  1, 2); 

3) on the plane J take place the following gluing conditions  

lim
𝑡→+0

𝑢 = lim
𝑡→−0

𝑢 ,                                                                   (3) 

lim
𝑡→+0

𝑡(1−𝛼)𝑢𝑡 = lim
𝑡→−0

𝑢𝑡  ,                                                        (4) 
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lim
𝑡→+0

𝑡2−𝛼𝑢𝑡𝑡 = lim
𝑡→−0

𝑢𝑡𝑡  ,                                                         (5) 

4) 𝑢(𝑥, 𝑦, 𝑡) satisfies the following boundary conditions: 

𝑢|𝑥=0 = 𝑢|𝑥=1 = 0, 𝑢|𝑦=0 = 𝑢|𝑦=1 = 0                                        (6) 

3. UNIQUENESS OF SOLUTION 

Theorem. The solution of the above formulated problem IU is unique, if it exists. 

Let us suppose that 𝑓 (𝑥, 𝑦)  =  0 in 𝐷. Then we prove, that corresponding 

homogeneous problem has only trivial solution. It is well known, that the functions 

𝑋𝑛 (𝑥)  =  √2 𝑠𝑖𝑛 𝜇𝑛𝑥 

                       𝑌𝑚 (𝑥) =  √2𝑠𝑖𝑛 𝜈𝑚𝑦,                                            (11)                          
𝜆𝑚𝑛
2 = 𝜇𝑛

2 + 𝜐𝑚
2  

𝜇𝑛 = 𝜋𝑛;  𝜐𝑚 = 𝜋𝑚 

 

form complete orthonormal system in the space 𝐿2(Ω). We consider the integrals 

𝜃𝑚𝑛(𝑡) = ∫ ∫ 𝑢(𝑥, 𝑦, 𝑡) 𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦
1

0

1

0

 , 𝑡 > 0                   (12) 

𝛽𝑚𝑛(𝑡) = ∫ ∫ 𝑢(𝑥, 𝑦, 𝑡) 𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦
1

0

1

0

, 𝑡 < 0                     (13) 

By virtue of (12) and (13), from homogeneous equation (1) we have 

𝐷0𝑡
𝛼 𝜃𝑚𝑛(𝑡) = 2∫ ∫ [𝐷0𝑡

𝛼 𝑢(𝑥, 𝑦, 𝑡)] 𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦
1

0

1

0

= 2∫ ∫ ∆𝑢(𝑥, 𝑦, 𝑡) 𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦
1

0

1

0

 , 0 < 𝑡 < 𝑞 

𝛽𝑚𝑛
′′ (𝑡) = 2∫ ∫ [𝑢𝑡𝑡(𝑥, 𝑦, 𝑡)]𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦

1

0

1

0

= 2∫ ∫ ∆𝑢(𝑥, 𝑦, 𝑡)𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦,−𝑝 < 𝑡 < 0
1

0

1

0

 

From the last, integrating two times by parts the expressions (5)–(8), we obtain 

𝐷0𝑡
𝛼 𝜃𝑚𝑛(𝑡) + 𝜆𝑚𝑛

2 𝜃𝑚𝑛(𝑡) = 0, 0 < 𝑡 < 𝑞  ,                           (14) 
𝛽𝑚𝑛(𝑡) + 𝜆𝑚𝑛

2 𝛽𝑚𝑛(𝑡) =  0,−𝑝 <  𝑡 <  0,                          (15)  
𝜃𝑚𝑛(+0) =  𝛽𝑚𝑛(−0),                                               (16) 

lim
𝑡→+0

𝑡1−𝛼𝜃′𝑚𝑛(𝑡) = lim
𝑡→−0

𝛽′
𝑚𝑛
(𝑡),                                  (17) 

lim
𝑡→+0

𝑡2−𝛼𝜃′′𝑚𝑛(𝑡) = lim
𝑡→−0

𝛽′′𝑚𝑛(𝑡)  ,                              (18) 

Differential equations (14) and (15) have general solutions in the forms [7, page 

17] 

𝜃𝑚𝑛(𝑡) = 𝜔𝑚𝑛𝐸1
𝛼

(−𝜆𝑚𝑛
2 𝑡𝛼 , 1), 0 < 𝑡 < 𝑞,                           (19) 

𝛽𝑚𝑛(𝑡)  =  𝛿𝑛 𝑐𝑜𝑠 𝜆𝑚𝑛𝑡 + 𝛾𝑚𝑛𝑠𝑖𝑛 𝜆𝑚𝑛𝑡, −𝑝 <  𝑡 <  0,                (20) 
respectively, where 𝛿𝑚𝑛, 𝛾𝑚𝑛, 𝜔𝑚𝑛 are any constants, and 𝐸1

𝛼

(𝑧, 𝜇) is well known 

Mittag-Leffler function, which represented as [7]: 
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𝐸𝛼,𝜇(𝑧) ≡ 𝐸1
𝛼

(𝑧, 𝜇) =∑
𝑧𝑖

Γ(𝛼𝑖 + 𝜇)

∞

𝑖=0

 , 𝜇 > 0                    (21) 

Substituting (19) and (20) into (16)–(18) with properties of Mittag-Leffler function 

[2], [7, page 13, 

form. (1.1.12)] 

𝐸1
𝛼

(𝑧) = 1 + 𝑧𝐸1
𝛼

(𝑧, 𝛼 + 1),                                          (22) 

we have  𝛿mn = 𝜔mn , γ𝑚𝑛 = −
𝜆𝑚𝑛

Γ(𝛼)
ω𝑚𝑛,    𝜆𝑚𝑛

2 [
(1−𝛼)

Γ(𝛼)
+ 1]ω𝑚𝑛 = 0.  

Hence, we obtain 𝜔𝑚𝑛  =  𝛿𝑚𝑛  =  𝛾𝑚𝑛  =  0. Consequently, 𝜃𝑚𝑛 (𝑡)  =
 0, 𝛽𝑚𝑛 (𝑡)  =  0. Then, from the equalities (12) and (13) imply, that 

𝜃𝑚𝑛(𝑡) = ∫ ∫ 𝑢(𝑥, 𝑦, 𝑡) 𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦
1

0

1

0

= 0, 𝑡 > 0 

𝛽𝑚𝑛(𝑡) = ∫ ∫ 𝑢(𝑥, 𝑦, 𝑡) 𝑋𝑛(𝑥)𝑌𝑚(𝑦)𝑑𝑥 𝑑𝑦
1

0

1

0

= 0, 𝑡 < 0 

Further, by virtue of completeness of 𝑋𝑛(𝑥), 𝑌𝑚(𝑦) we deduce that 𝑢(𝑥, 𝑦, 𝑡)  ≡  0 

in D, i.e. a solution of the investigated problem is unique. The Theorem  is proved 
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o’quvchilarga robot tuzilmalarini yaratish va dasturlash imkonini beradigan 

jismoniy yoki virtual qurilish bloklari to’plamidir. Ushbu maqola ta’lim 

robototexnikasida samarali konstruktor tizimini loyihalashning ahamiyatini 

o’rganadi. U konstruktor tizimlari bilan bog’liq afzalliklar va muammolarni 

ta’kidlab, ularning o’quvchilarning ta’lim natijalari, faolligi va ijodkorligiga ta’siri 

haqida tushuncha beradi. Bundan tashqari, u o’quv robototexnikasida tajriba 

o’tkazish, muammolarni hal qilish ko’nikmalari va tanqidiy fikrlashni 

rivojlantirishga yordam beradigan konstruktor tizimini loyihalash uchun asosiy 

fikrlarni taqdim etadi. 
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