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- |
MSC 2010: 35P20, 47TN50

POINT SPECTRUM OF THE OPERATOR MATRICES WITH THE FREDHOLM
INTEGRAL OPERATORS
Abdullaeva Mukhayyokhon,
Bukhara State University, Bukhara, Uzbekistan;
abdullavevamuhayvo9598 @ gmail.com, m.a.abdullaveva@ buxdu.uz

Abstract. In the present paper we consider 2 X 2 and 3 X 3 operator matrices, where the matrix
elements are Fredholm integral operators. It is shown that these matrices has only the purely point
spectrum.

Key words: block operator matrix, Fredholm integral operator, point spectrum, linear operator,
eigenvalue.

TOYEYHBIH CITEKTP OINEPATOPHBIX MATPHIL C HHTEI PAJILHBIMH
OHEPATOPAMH ®PEII'OJIBMA

Aunomauua. B nacmosgeni pabome paccMampuearomcd i onepamopHsle Mampuljsl, MampuuHsIMU
INEMEHMAMYU KOMOPHIX AGTAIOMCA uHmezpatshsie onepamopsl @pedzonema. [lokazano, ymo smu mampuye
ILMEIOM MOALKO YNCMO MOYEYHBIT CHEKMP.

Kuoueeste caoea: Onouno-onepamopras Mampuya, uxmezpatsHsili  onepamop  @Ppedzorema,
moveyHpil cneKmp, TuUHElHbIT ONepamop, cODCMEEHHOE IHAYEHIE.

FREDHOLM INTEGRAL OPERATORLARI BILAN OPERATOR MATRITASINING
NOKTA SPEKTRIMI

Annotatsiva. Ushbu magolada biz operator matritsalarini ko'rib chigdilk. Bu matritsa elementlari
Fredgolm integral operatorlari hisoblanadi. Ushbu matritsalar fagat nugta spektriga ega ekanligi
ko'rsatilgan.

Kalit so'zlar: blok operator matritsasi, Fredgolm integral operatori, nugta spektri, chizigli operator,
xX0s giymat.

Introduction. Block operator matrices are matrices the entries which are linear operators between
Banach or Hilbert spaces [1] They arise in various areas of mathematics and its applications. One of the
important class of the block operator matrices are the energy operators of a system of n non conserved
number of particles. Such systems occur widely in mathematical physics, e.g. statistical physics [2 — 8],
solid-state physics [6] and the theory of quantum fields [6,7].

In the theory of solid-state physics [6], quantum field theory [7] and statistical physics [2 — 8] some
important problems arise where the number of quasi-particles 1s not fixed. The study of systems with a non
conserved, but bounded, number of particles is reduced to the study of the spectral properties of self-adjoint
operators acting in "the cut" subspace ), consisting of on particle, two particle and n- particle subspaces
of the Fock space [2,7,8]

In mathematics, Fredholm operators are certain operators that arise in the Fredholm theory of integral
equations. They are named in honour of Enk Ivar Fredholm.

A linear operator <A from a Banach space X to a Banach space Y is called a Fredholm operator if

1. 1 15 closed;

2. the domain D(A) of A is dense in X;

3. @(<A), the dimension of the null space N(cA) of A, is finite;
4. R(A), the range of A, is closed in ¥;

5.  B(A), the codimension of R(A) in Y, is finite.

In particular, on the spaces C[a; b] or L, [a; b] an operator of the form

(AP)(x) = J K(x t)¢(t)dt, (1)
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where the kernel K'(-,-) is continuous and hence square-integrable function on [a; b] x [a; b]. is
Fredholm. The operator of the form (1) is also called a linear Fredholm integral operator with the kernel

K (-,). In the present paper we considered the case where the kernel K (-,-) is degenerate.
In the present paper for n = 2,3 we consider n x n block operator matrix A, with the Fredholm

integral operator.

We obtain the following results:

-determined the point spectrum of the operator matrices A4 ,, & = 1,2,3 with the Fredholm integral
operatoprs;

A g, @ = 1,2,3 important spectrum for operator matrices are studied;

- Determinants corresponding to matrices with operator <A 5, & = 1,2,3 are constructed

- The numerical range of matrices with operator A, @ = 1,2,3 is defined

n % n{n = 2,3) operator matrices with the Fredholm integral operators
Let T< be the d -dimensional torus and L;(T?) be the Hilbert space of square integrable symmetric

(complex) functions defined on Td.
In the Hilbert space L,(T%) we consider the Fredholm integral operators of the form

AR =6 [ a,OFOd®,  fEL,  is) =123

where a;; ()i, j = 1,2,3 are the real-valued continuous functions on T<. Then it is easy to see that

A:j — Aﬂ for all i,j = 1;2,3.

First we investigate the spectrum of 44: = A44. Direct calculations show that the operator <44 has a
purely point spectrum and the equality g, (A1) = {0, ll@ay1 1%} holds, where the number A = Qs an
eigenvalue of 4, with infinite multiplicity, the number A =l ay4 II? is a simple eigenvalue of 4.

For the further discussions we denote

%“}(’rd)s {f = (fufa): fr €L(T%),a = 1,2}
L, ®(T9):= {f = (fu.fo fo): fu € Lo(T%),a = 1,2,3).

Notice that the norm and scalar product in L;{E}{T‘i) are dﬁi}é}ﬂd as

11l = ( Lm(r)ﬁdr + Ld £,(O)1%dt + Lm(ﬂrﬂdr) ;

1.9) = [ OO+ [ L0050 [ 050

3
f[.'ll’f - (ﬁ:fz:fi): g = {Enﬂzrﬁz = LEE )(Td)
For n = 2,3 in the Hilbert space L; "}{T 4) we consider the following n X n operator matrix

A A Ajn A Ag
Az=(4" 42) As=(4n An 4x)
A 21 A 22 A A
31 32 33
Under these assumptions the operator matrix <A , is bounded and self-adjoint in LE{E} (T?) for

a=23

Operators of this type are arise in the process of constructing the Faddeev equations for the
eigenfunctions of the model operators corresponding to the Hamiltonans of a three-particle system on a
lattice [9,10].

Note that all matrix elements A, jof A 3 are one-dimensional operators, and hence depending on the
functions a; J{l i,J] = 1,2,3 the operator matrix <45 is an at most 9-dimensional operator. Analogously, the
operator matrix <A , is an at most 4-dimensional operator. Since L2(T%), LE':E}['T':) and Lz{g}{Td) are the
infinite-dimensional Hilbert sgu{:es* that 1s,

dimL,(T?) = dimL,")(T¢) = dimL,"(T9) = oo,

the equalities hold:
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gs::(‘ﬂlj a ﬂu.r(dqz} — G""(ﬁ 3) - {u}

To study the non zero eigenvalues of the operator matrices <A, @ = 2,3 we introduce the following

functions:
A Q) Ay 0 0
0 Ay Ay Azs
AslA) = ’
() B2 Ay Az3(2) 0
0 0 Ay Ags(D)
A () Agp Mg
A Aqa(A A
A0 := | A z?( ) 29 |
Agy Agy Agg(2)

where the matnix elements are defined by
Ay (W) :=llagy 17— App:=1(ay9,851), Agz:=1(ay9,23);
Ary(A):==2 Azg:=lap 15, Ays:=(ays,a3), Aze:=1(ay2,23);
Az3(M):=—A Asz:=lags 1%, Azg:=(as3,33), Agg:=1(ay3,a33);
By :=(agn.811), Agz:=llag 7, Ag:=(aga31) Ay@):=-

Ags:=(az,3y3), Ags:=laz I*=A Age:= (2, 23:);
Age(A) :=—2, Agr:=(azz, a13), Aga:=lax I°, Ag:= (a3, a33);
Ari:i=(a3y,311), App:=(ag,a), Agz:i=lag 1%, AnQ):=—X
Agy:= (a3, 212), Ags:=(agy,az:), Agg:=laz 12, Agg(R):=-%;

Agy :=1(a33,853), Aogg:=1(a33,a23), Agg:=laz; I°, Agg(A): =l agz I°—
A;; =0, otherwise,

First we discuss the case @ = 2. In order to study the non-zero eigenvalues of .4, we consider the

eigenvalue equation rﬂ; f=ar.F =)o
flu A1z )(,;' (Aﬁ
-'421 Az Af2)
We write this equation in the form of the following system of equations:
[ﬂufi + ﬂizfz = Afy; )

Anfi+t Anfa=Afs.

Using the definition of operators A, ;, we transform system (2) into an equivalent system:

i

a1 (x) Lﬂn(ﬂﬁ(ﬂdt +a,,(x) J;ﬁﬂu(f)fz (t)dt = Af;(x);
(3)

Lﬂu (x) Lﬂﬂ(f}ﬁ (t)dt + azz(x) Ldﬂzz(f}fz (t)dt = Af2(x).

We introduce the following definition:

Cij = Ld a;;(t)f;(t)dt, i,j=12 (4)

then system (3) becomes

{511{1')511 +ay1(x)cy2 = Af1(x); (5)
Qy2(x)€21 + aza(x)c22 = Afz(x).

(5) dividing both equations of the system by the number A % 0, we find the following expressions for

fi(x) and £, (x):

A() =7 a1 (e + az (Deral

(6)

fa(x) = %[ﬂu{x )€21 + @22 (x)ca2].

-
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we put equalities (6) in (4):

1 = % Ld la112(t)cyy + @11 () - az4 (t)eyo]dt;
Cia = % »[rd [a122(t)cay + @12(2) - agy(t)cyoldt;
€21 = % Ld [a212(t)c1a + aq1(2) - @z (Deyqldt;

Cgz = % : Ld [az2%(t)ezz + a12(t) - aza(t)ezyJat.

'I;he resulting system of equations is reduced to the following system of homogeneous equations:
(llags II* = ery + (11, @z1)c12 = 0

) —Aci2 + llagall*czq + (812, @22) €2 = 0
(@11,@21)€11 + llagy |y — Aczy = 0

L (@12,@22)C21 + (llagall* — 2)cz2 = 0

9

Similarly, n = 3 cases are analyzed. In order to study the non-zero eigenvalues of the operator matrix

A 3, we consider the eigenvalue equation Az f = Af, f = (fi, f2. f3), or:

Ajn Az A\ A Afy
Agy Az A |2 =|42 )
a1 Azz A/ \f3 Afs

From this, we wnte down the following system of equations:

A HtApf tAnfi = AR
AnfitAnfatAnafi=11
Apsfi+t Aot Asfz=41;

From the definition of operators 4, ; system

ay1(x) Lﬂu{ﬂﬁ (t)dt + azq(x) jﬂﬂiz{t)fz(f)dt +az; (%) Lﬂ ay3(t) f3(t)dt = Af;(x);

e

a2 (x) L az (t)fi(t)dt+ az;(x) J;dﬂzz (B)f2(t)dt + aza(x) J;.:r a3(t)fz(t)dt = Af;(x)

hﬂia (x) L az; (t)fi(t)dt+ azs(x) J;_dﬂsz (t)f2(t)dt + azz(x) J;d aza(t)fz(t)dt = Af;(x)

appears. By assigning ¢, (i,j = 1,2,3) to this system of equations, we write the following equivalent
system:
a11(¥)cyy + az1(X)eyz + a3y (X)ey3 = £ (x);
{ ay2(x)czq + aza(x)ez; + @z (x)eys = Af; (1);
ay3(x)c3y + az3(x)cs; + azs(Wess = Af3 (2.

We divide by the number 4 = 0:
( 1
filx) = 1 [a31(x)eyq + azg (X)egn + azy (Deys);

e

f2(x) = % [aya(x)cay + agza(x)cay + asa(x)ey3); (8)

| )= % [@13(x)e31 + az3(x)es; + azs(x)ess).

Let’s set fi (x), f2(x). f3(x) found in expression (8) to ¢, ;
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1 '

€1 =7 | E [a312(t)cyy + a11(t) - @azy (B)cyz + @44 (1) - @31 () cy3ldt;
1 i~

G == 3t | lay2%(t)eay + ay2(t) - aga(t)eaz + ag2(t) - aza(t)cysldt;
T
.1 g~

€1z =73° | B [@132(t)c3y + a13(t) - azz(t)caz + a13(t) - aza(t)essldt;
T

1
ca=73" L—,r [a212(t)cys + aq4 () -z (eyy + azq(t) - @z (E)eyslde;

1
c2=7" ,[,-4 [az22(t)caz + @12(t) - aza(t)cay + aga(t) - aga(t)eysldt;

Cz3 = % ' Ld [@z3%(t)caz + az3(t) - asz(t)cas + azs(t) - azz(t)ezsldt;

1

Ca1=7" Ld [a312(t)eys + az1(t) - ayq(t)eyy + azqe(t) - agq (t)cy2]dt;
1

Ca2=7" Ld [a32%(t)ca3 + @12(t) - @32(t)cay + @22 (1) - @52 (t)cyo]dt;

€3z = % : LA [a33®(t)cas + ay3(t) - @sz3(t)cay +azs(t) - asslthesy]at.

The following system of homogeneous equations 15 written from the resulting system of equations:

[ (llagy lI* — Deyy + (a11,@21)e12 + (@11,031)613 = 0;

—Acyz +(a12,a22)€22 + (a12,a32)c23 = 0;

=263 + llagsli®esy + (aq3,@23)c32 + (@13, 832)c33 = 0;
(@11,@21)¢11 + llazglci2 + (@29, @31)€43 — Aczy = 0;
(@42,@22)c21 + (llaza2ll* — ez + (@22,a32) 623 = 0;

—A€z3 + (@23,@13)¢31 + llazsll®cay + (@23, a33)c33 = 0;
(@11,@31)€11 + (@31,821)C12 + llaz l1*cy3 — Acgy = 0;
(@12,@32)€21 + (@32,@22)C22 + llazz||° 623 — Ac3 = 0;

\ (@y3,a33)¢31 + (@33,@23)c32 + (llassll* — A)cz3 = 0.

.

In the following theorem we describe the point spectrum of A, a = 2,3.
Theorem 1. For @ = 2,3 the operator matrix A , has a purely point spectrum and
opp(Ag) = {0} U {2 € R: A,(2) = 0},

Moreover, the number A = 0 is an eigenvalue of <A 5 with infinite multiplicity.

It can be seen that the function A, (-) is a polynomial of order 4 with respect to 1. Therefore, it has at
most 4 real zeros (taking into account the multiplicity). Therefore, by virtue of Theorem 1, an operator

matrix <4, can have at most 4 (taking into account the multiplicity) eigenvalues with fimite multiplicity.

Analogously, an operator matrix A5 can have at most 9 (taking into account the multiplicity) eigenvalues
with finite multiplicity.

Using Theorem 1 and the fact about gpp(cA,) it is possible to find an exact representation of the
numerical range of the operator A, @ = 1,2,3. It should be noted that since the operator A _, & = 1,2,3 has
a purely point spectrum, its numerical range W (A, ) always a bounded (closed) segment and for @ = 1,2,3
the equality

w("q:) == [l’[]il'] Opp (‘D'qn:::'i max dpp (ﬂ&lﬂ)]

is valid. In particular, we have W(A;) = [0; llagll*]. The study of quadratic numerical range of 4,

and cubic numerical range of <A 3 needs an additional investigations.
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o1, operator resolvent. In order to determine the resolvent operator of the operator .44, we consider
the equation

(A1 —Df =g

with respect to the functions f,g € L,(T %) for the number A.

A4 1s the last equality according to the defimition of the operator

a11(x) - €11 — Af(x) = g(x)

appears. Here, the value of ¢y4 18 determined using equation (4). From the above equation, we find the
following expression for the function f{x):

flx) = 11- [a31(x) - ¢4 — g(x)] (9

We put the expression (9) found for f(x) in (4), and

€11 = %Ldﬂu (£)ay1(t) - 613 — g(t)]dt

we will have equality. From this we find ¢4 and put it in the expression found for f(x) and

r(}——(“;“(x} (@11, 9) - g(x})

we form the equation. The expression on the right side of this equality indicates the action formula of

the resolvent operator R 4 1(.»1] corresponding to the operator «44. Which

"-111(1'}
I
AL | agq 12— A

e (t) - g,(t)dt — g4(x)

o, operator resolvent. We define the resolvent operator of the matrix with operator .4 ». For this, we

consider the following equation with respect to f = (f3, f2), g = (91, 82) € L2(T?) vector functions:
(A2 —A)f =g

According to the defimtion of Ihe mﬂtnx with operator A5, we write the following equation:

VAR
A
21 Az2

We form the following system uf Equtiuns from this equation:
{J‘lnﬁ + Aiafo— Af = g4

AnfitAnfi—22=g:
According to the definition of operators A, ;, this system of equations takes the following form:
{"-111(3"}’511 +an(x)e; — i(x) = g (1’55

ay2(x)e21 + a2 (¥)e22 — Af2(x) = g2(x).

We can find fj (x) from the first equation of the last system of equations, and f>(x) from the second
equation. Which

fi(x) =% lay1(x)ey; +azy(x)ey; — g, (2)];

falx) = %[312(1] €31 + az3(x)cz3 — g2 (x)]

Let’s define the last expressions found in (4):

C11 = % J;-a [a112(t)eyy + @q1(2) - agy (t)eyz — a44(t) - g4 ()]dt;
e =3 [ 02Oz + 012(0)- 0220z - 0129 - 92Ol
1 = % L‘ [a21%(t)crz + @1 (t) - az1 (t)ers — azq(2) - g4 (2)]dt;

Ca2 = % : »Ld [az2?(t)e2z + @12(t) - @z2(t)czs — aza(t) - g2 (t)]dt

or,
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—
(

I @agq 17— ey + (@11, az1)ez — (@11, 1) = 0;
—Ac12+H @yz 1% €21 + (@12, @22)€22 — (@12,92) = 0;
(@11, a21)€1+Hl @gq I1? 613 — A2y — (@21,91) = 0;

L (a1, a22)61 + (Il @2z 1= 2A)cz; — (@22.92) = 0.

(10)

we form a system of equations. We are looking for the solution of the system of equations (10). For

this, we introduce the following definitions:

0 ~ Il as 12 (ay2,a25) (@12,92)
A-lA) = : b=
() (211,821) Il @pq 112 o | 0 (a21,891)
0 0 (ay3,a22) llaz; 17—24 (az2.92)
(a11,91) (aq1.a21) 0 0
_ 2
ﬂgﬂ(i}= Eﬂuxﬂz) A : Iagz |l (a2, @22) o
@z, 91) llagl - 0
(@22, 92) 0 (@12,822) 1l @z I2—2
- (ﬂu-.ﬁ'ﬂ ; 31(-1} = {ﬂu:ﬂ:i) 1 51(1'1};
Il ayy IF=2 (@11,84) 0 0
d;ﬂl{ﬂ} il 0 (EIEJEZ} I a2 & (ﬂu; ﬂzz) —
('ﬂlil Eil) (ﬂzlrgl} —A 0
0 (@22,92) (a42,022) @z 12—2
= (Il ay4 12— 2) - Gy(2) — (ay1,91) - B2(2);
@y 12=2 (ayy,@21) (@11,81) 0
15;3}( 1) = 0 —4& : (@12,92) (ag2.022) _
(ay1,821) Haz F (@az,84) 0
0 0 (az2,g92) llay 12—24
= (ll @agp 12— A) - Go(A) — (@22,97) - B3(A);
lag; 12—2 (ayq,a54) 0 (@11, 91)
(ﬂii: Il:"'11) lazq | —A ':ﬂzj_; §1}
0 0 (@12,@22) (@322,92)
= {ﬂzzuﬂz)' 34(4)— ':ﬂu:ﬂzz) Z Gz'm)-
Here
=3 | a2 17 (@42,a27) 0 laiz 17 (@y2,a27)
Bl(;‘l,) = |l az; I —A 0 ; Ez{-‘l) = {ﬂ'lll I‘.Igl) —& 0 ;
0 {ﬂlz.ﬂzz} || a2 ||2_21 0 (EIEJ ﬂz:) l P e ﬂz_;{
layy 1F=2  (ay3,a2) 0 layy 12—=2  (ay4,a2) 0
B3(4) = 0 — (a12,a27)|; Bs(A) = 0 —A I @y U%];
(ay1.a@21) lay 1P 0 (@11,a21) Nay P —A
(@12,92) lagp 17 (agz,a27) lags 1I2—=2 (ayy,a21) (@13,81)
G1(2) = |(az21,91) —A 0 ;i Ga(A) = 0 —A (aiz,92)|
(@22,92) (@12,822) laz 1?°—4 (a11,@21) Napn ¥ (@2,61)

The solutions of the system of equations (10) are as follows:
1
¢11 =55 - [(@11,81) - By (D) — (a43,a21) - G (D)];
4,(2)
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C12 = ﬁ' [ @ay3 12—2) - G1(2) — (@11,91) - B2 (A)];

€21 = ﬁ [(l @3z 12— A) - G5(2) — (az2.92) - B3(D)];

b2z = ﬁzh) [(@32,82) - Bs(A) — (@43, 872) - G5 (2)].

We put the expressions found for ¢;; into the expressions found for fi(x) and f;(x) and form the
following equations:

filx) = 12 (-1) « [lag1(x) - By(A) — azy(x) - By(A)]- (@1, 94) + [@z1(x) X

X (Il @yq 17— 3) @11(x) - (@11,@21)] - [(@12,@22) %N @y 13- (0 @z2 17— 2)] - (@24,94)] +
+m' [az1(x) - (N @y1 12— 2) — a3 (x) - (@33,a21)] %
X [(ﬂiz:ﬂu} 2 (ﬂzz:ﬂz)“ I:|| @23 12— 11} . {ﬂ1z;ﬂzj] "%EﬂIJ;

falx) = %ﬁu) < [laz2(x) - B4(A) — ay2(x) - B3(A)] - (az2.g2) + +[agz(x) x
X (ﬂlﬂzz 17— 2) — azp(x) - (@13, @22)]- (@19, @210~ azq 13- (0 @33 13— 2)]- (@2, 92)] +
+m' [a12(x) - (N azz 17— 2) —azz(x) - (@53,a22)] %

X [(@ay1,a21) - (@11, 81) — (Il @44 12=2) - (@21, 94)] “%ﬂz{ﬂ

The expressions on the right side of the resulting equations indicate the action formula of the resolvent

operator R 4_(A) corresponding to the operator matrix 4 ,. Which,

" (Ru(d) Rpa(2)
Ra, ()= (sz ni";m;«)

R11(A)gy = T d;(.l) - [(@g1(x) - By (2) — @z, (x) - B2 (1)) - f ay;(t) - g1 (t)dt +
+(azy(x)- (1 ayq 13— 2) — a4, (x) - (@31, a51)) X
X ((ﬂ-u;ﬂzz:’z—ﬂ 243 - i Qa3 12— 1) - Lﬂn(ﬂ . ,Eﬂ:ﬂdt)] . %5?1(1'}}

1
A2(A)

X |(ay2,a22) Lﬂzz(t) g, (8)dt — (Il @z 17— 1) - ,[,a a4 (t) -gz{t)dt];

Ri5(A)gs = s () - (Il @34 1P—A2) —ay1(x) - (@49, @24)] X

R;1 (Mg = - [ag2(x) - (1 @z 12— 2) —agy(x) - (@42,852)] %

%
4;(2)
X ’(ﬂu:ﬂn)' Lﬂn(ﬂ - g1(t)dt —(ll ayy ||2—3~)] 'Iﬂﬂzl(t}' g1(t)dt];

Ry:(A)gs= ﬁ;(ﬂ : [(ﬂ::(ﬂ - B4(A) —ay5(x) - By (i}) . Ldﬂzz (t) - go(Ddt+
+(ay2(x) - (N azz 12—=2) — a5y (x) - (a43,022)) X
X ((ﬂllaﬂz:l.)z_I az 1% (l ayy 17— 2)- Lﬂu{t} : E‘z{t}df)] P~ %ﬂz(ﬂil

Conclusion. In this article, determined the point spectrum of the operator matrices A 5, @ = 1,2,3 with
the Fredholm integral operatoprs; A, a = 1,2,3 important spectrum for operator matrices are studied;
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e -
Determinants corresponding to matrices with operator A, = 1,2,3 are constructed;: The numerical range

of matrices with operator <A 5, @ = 1,2,3 is determined and the resolvent operators of @ = 1,2 cases is found.
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