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LOCAL INNER DERIVATIONS ON FOUR-DIMENSIONAL LIE ALGEBRAS

Alauadinov A.K.!, Jumaeva Ch.1.?
!Karakalpak state university, 2V.I.Romanovskiy Institute of Mathematics Uzbekistan Academy of Sciences

Summary: In this paper we investigate local inner derivations of four-dimensional Lie algebras.
Key words: Lie algebra, derivation, inner derivation, local derivation, local inner derivation.

1. Introductions. Currently, various types of derivations over algebras are being studied, for example,
derivations, local derivations, 2-local derivations, almost inner derivations, etc. Local derivations were first
considered in the work of R.Kaidison in 1990 [11] and, independently in the work of D.Larson and A.Surur [12].
In these papers, some conditions are indicated under which local derivations is derivations. R.Kaidison's paper
considered local derivations on von Neumann algebras and in some polynomial algebras. L.Molnar [13]
introduced the definition of local inner derivations on standard operator algebras.

The first results concern to local and 2-local derivations and automorphisms on finite-dimensional Lie
algebras over algebraically closed field of zero characteristic were obtained in [2, 3, 5] and [8]. Namely, in [5] it
is proved that every 2-local derivation on a semi-simple Lie algebra L is a derivation and that each finite-
dimensional nilpotent Lie algebra with dimension larger than two admits 2-local derivation which is not a
derivation. In [2] the authors have proved that every local derivation on a semi-simple Lie algebras is a
derivation and gave examples of nilpotent finite-dimensional Lie algebras with local derivations which are not
derivations. Concerning 2-local automorphism, Z.Chen and D.Wang in [8] prove that if L is a simple Lie algebra
of type Ay, D) or Ex, (k = 6,7,8) over an algebraically closed field of characteristic zero, then every 2-local
automorphism of L is an automorphism. Finally, in [3] Sh.A.Ayupov and K.Kudaybergenov generalized this
result of [8] and proved that every 2-local automorphism of a finite-dimensional semi-simple Lie algebra over an
algebraically closed field of characteristic zero is an automorphism. Moreover, they show also that every
nilpotent Lie algebra with finite-dimension larger than two admits 2-local automorphisms which is not an
automorphism. Local automorphisms of certain finite-dimensional simple Lie and Leibniz algebras are
investigated in [4]. Almost inner derivations of Lie algebras were introduced by C.S. Gordon and E.N. Wilson
[9] in the study of isospectral deformations of compact manifolds. Almost inner derivations of nilpotent, some
solvable Lie algebras and some nilpotent Leibniz algebras were studied in the papers by [6] and [1].

2. Preliminaries. To begin with , recall the definition of Lie algebras.

Definition 2.1. An algebra L over field F is called a Lie algebra if its multiplication satisfies the
identities:

1) [x,X]=0,
2) %[y, zll+[y.[z, x]1+[z.[x y]]1 =0,
forall X,Yy,Z in L.
The product [X, Y] is called the bracket of X and Y . Identity 2) is called the Jacobi identity.

Let L be a finite-dimensional Lie algebra. For Lie algebra L we consider the following central and
derived series:

=L, L'=[L%L])i=1
=L, L9 =[ 159, 1497, k 21,

A Lie algebra L is nilpotent (solvable) if there exists M >1 such that L™ =0 (L™ =0).
Definition 2.2. A derivation on a Lie algebra L is a linear map D : L — L which satisfies the Leibniz

D([x, y]) =[D(x), yI+[x, D(y)] 2.1

rule:
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for any X, Y € L. The set of all derivations of a Lie algebra denoted by Der(L). Let & be an element of a
Lie algebra L. Consider the operator of ad, :L — L defined by ad_(X)=[x,a]. This operator is a
derivation and called inner derivation. The set of all inner derivations of a Lie algebra denoted by InDer (L) .
Definition 2.3. A linear operator A is called a local derivation if for any X € L, there exists a
derivation D, : L — L (depending on X ) such that A(X) =D (X).
Definition 2.4. A linear operator A is called a local inner derivation if for any X € L, there exists a
inner derivation ad,_: L — L (depending on X) such that A(X) =ad_ (X).

We present the following theorem which gives a classification of arbitrary four-dimensional Lie
algebras.
Theorem 2.1. [7]. An arbitrary four-dimensional Lie algebra is isomorphic to one of the following

algebras: L, : abelian;
L, :[e.e]=¢,;
L,:[e.e]=¢;
L,:[e.e,]=6,[e.6]=6 +e,;
L,:[e.e,]=¢,[e.e]=1e,2eC" | AL,

L, :[e.e,]=6,[e,.e.]=6;

L.:[e.e,]=¢,[e.e]=—2e,[e, e]=2e,;

L, :[e.6,]=¢e,.[e.8]=¢;

L, :[e.e,]=6,[e.6]=¢,[e.6]=cr, aeC;
L,:[e.e,]=¢,[e.6]=¢.[6.8,]=ce,— Pe,—e,,aeC’,feC;
L,:[e.e]=6,[e.e]=6.[e.e.]=a(e, +&,),aeC;

113
I_ll:[el,ez]:es,[el,eg]:eA,[el,eA]:ez;
L, :[el,ez]:%ez+e3,[el,e3]:%es,[el,e4]:%e4;
L.:[e.e]=6,[e.e]=6.[e.e]=2¢e,[e, e]=6;
|_14:[el,ez]263,[91,83]292,[92,63]264;
L.:[e.e]=6,[e.e]=—ce, +e,[e.e,]=6,[e, e]=6,aeC;
3. Main results. In this section we will consider local inner derivations of four-dimensional Lie

algebras.
The following theorem is the main result of this work.

Theorem 3.1. Any local inner derivation on the algebras L, — L,, L, is an inner derivation, and on
the algebras L, and L, there exists a local inner derivation which is not inner derivation.
Proof. We verify that local inner derivations on the algebras L, — L,, L, are inner derivations.

The algebra L. First, consider the algebra L, from Theorem 2.1. Inner derivations on the algebra L,
are zero. Therefore, any local inner derivation is also zero.

23
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4
The algebra L, . For the element & = Zaiei € L, we define the inner derivation on L, as follows
i=1
ad,(x) =[x,a]=[xe, + X6, + X8, + X,&,,a€, +ae, +ae, +a,e,]|=(xa, —x,a )e,whe

4
re X:ZXiei el,.

i=1

Let A be a local inner derivation of the algebra L1- By definition of local inner derivation, checking
the equality A(e, )= ad, (&) (i=1,2,3,4) for the basis {e,,€,,8,,8,}, we obtain the following:
A(el) = a21e3' A(ez) = _a12e31 A(es) = A(eA) = O
Since the operator A is linear, then
A(X) = A(Xlel + X6, + X6, + X4e4) = (a’21X1 - a12xz)e3'

Then A(X)=[X,a,,€, +a,e,]. This means that the operator A is an inner derivation.

The algebra L2 . Repeating the previous technique for this algebra, we get that every local inner
derivationon L, is a derivation.

For the algebras |-3 and |_4, we check the equality of A(X) = adX(X)for values of X equal to
€.,6,,6;,€, and €, + €,

4
The algebra L. For the element & = Zaiei € L, we define the inner derivation on L, as follows
i=1
ad,(x) =[x.a]=[xe +x.e, + xe, + X, ae +ae, +ae, +aze,]|=
= (%@, + %8 = %8 — %8 )&, +(Xa — X )e,,

where X € L.

Let A be a local inner derivation of the algebra L3. Checking the equality of A(X) = adx(x) for

values of X equalto €,€,,€,,€, and €, + €,, we obtain the following:

A(el) = (a21 + azl)ez + a6,

A(ez) = _a12e2’
A(es) =6, —a,8;, (3.1)
A(e,)=0,

A(e, +e,)=—2ae, —ag,.
From the equality A(e,+e,)=A(e,)+A(e,) ie —2ae, —ae, =—a,e, —a.e, —a,e,we
get &, = d,,. Substituting the resulting equality into (3.1) we have that
A(e,)=—-a,e, —a,e, (3.1)
Then A(X) =[x,a,e, +a,e, +a,e,]. This means that the operator A is an inner derivation.
The algebra L4. Repeating the previous technique for this algebra, we get that every local inner

derivation on L, is a derivation.
24
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The algebra L. For the element @ € L, we define the inner derivation on L, as follows
ad,(x) =[x,a]=[xe + X, + X8, + X,&,,a€ +a,e, +ae, +a,.,]|=

= (XlaZ - Xzal)el + (X3a4 - X4a3)e3’
where X € L5.Let A be a local inner derivation of the algebra LS.
Checking the equality of A(x):adx(x) for values of X equal to €,€,,€,,€, we obtain the
following:
A(el) = aZlel’ A(ez) = _a’lzel’ A(es) = a4ses ’ A(ezl) = —83483.
Then A(X)=[x,a,€ +a,e, +a,e, +a,e,]. This means that the operator A is an inner

derivation.
The algebra L. For the element @ € L, we define the inner derivation on L, as follows

ad, (X) =[xg, + X,e, + X8, + X,&,, a8 +a,e, +ae, +a,8,|=
= (2X3a1 - 2X1a3)e1 + (2X2a3 o 2X3a2)ez + (X1a2 B Xza'l)esi
where X € L6.Let A be a local inner derivation of the algebra L6.
Checking the equality of A(X) =ad, (X) for values of X equal to €,€,,€,€, and

e +¢,,€ +¢€,,6, +€, we obtain the following:

217
Ale)=—2a,e +a,e,, A(e,)=2a,e,—a,e,
A(e,)=2a,e, —2a,8,, A(e,)=0, A(e +e,)=—2ag +2ag,+(a,—a,)e,
A(e, +e,)=(2b,—2b,)e,—2be, +be,, A(e, +e,)=2ce, +(2c, - 2c,)e, —Cge,.
Using the technique of defining equality (3.1"), we will have the following relations:
« A(e,+e,)=A(g)+A(e,)= a,=a,;
« Ae,+e,)=A(e)+A(e,)= a, =a,;
« Ae,+e,)=A(e,)+A(e,)= a,=a,.
From these obtained equalities we have
Ale)=—2a,e +a,e, Ale,)=2a,e,—a,e, A(e,)=2a,e —2a,e, A(e,)=0
Then A(X) =[x,a,€ +a,e, +a,e,]. This means that the operator A is an inner derivation.
The algebra L. For the element @ € L, we define the inner derivation on L, as follows
ad,(x) =[x,a]=[xe + X, + xe, + X, ae +ae, +ae, +a.e,]|=
=(xa, —x,a,)e, +(xa,— xa)e,
where X € L,.Let A be a local inner derivation of the algebra L, .
Checking the equality of A(X) = adx(x) for values of X equal to €,€,,€,,€, and €, +€, we
obtain the following:
Ale)=a,e,+a,e,, Ae,)
A(e, +e,)

—a,8,, A(es) =—a,8,, A(e4) =0,
—a,€, —ag,.
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From the equality A(e2 + e3) = A(ez) + A(es) we get &, =&, and
Ale,)=-a,e,.
Then A(X)=[X,a,€, +a,€, +a,e,]. This means that the operator A is an inner derivation.
The algebra L, . For the element @ € L, we define the inner derivation on L, as follows
ad, (x)=[x,a]=[xe, +X.e, + X, + X,&,, a8, +ae, +ae, +a.,|=
=(xa, — %3 )e, +(xa, —xa )e, +(axa, —axa )e,,
where X € L.
Let A be alocal inner derivation of the algebra L.
Checking the equality of A(X) = c’:ldX (X) for values of X equal to €,€,,€;,€, and €, +€, +€, we
obtain the following:
Ale)=a,e, +a,e +aa,e, Ale,)=-a.e, A(e)=-a.e, A(e,)=—aa,e,.
A(e, +e,+e,)=—ae, —ae,—aag,.
From the equality A(82 +€,+ 94) = A(e2)+ A(eg) + A(eA) we get &, =, = a, and
A(e,)=-a,e,, A(e,)=—ca,e,.
Then A(X) = [X, a.e +a,€6, +a,6 + a41e4]. This means that the operator A is an inner derivation.
The algebra Lg. For the element A € L9 we define the inner derivation on L9 as follows
ad, (x)=[x,a]=[xe, + X8, + X8, + X, ae +a,e, +ae, +a.e,]|=
=(axa, —x,0a)e, +(xa, — X,a — fa,x + fax,)e, +(xa, — xa —ax +ax,)e,
where X € L.
Let A be a local inner derivation of the algebra Lg .
Checking the equality of A(X) = c’:ldX (X) for values of X equal to €,€,,€,6, and
€, +€,,6, +€,,6;, + €, we obtain the following:
A(e)=aa,e, +(a, - fa,)e +(a, — fa,)e, Ae,)=-a.e, A(e,)=-2a,.
A(e,)=—ca,e, + Pae,+a,e,, Ale,+e)=—ae —ag,
A(e, +e,)=—abe, +(-b + b )e, +be,, A(e, +e,)=—ace, + Sce;;
Then we have the follows
. Ale,+e,)=A(e,)+A(e,)= a,=a,;
. Ae,+e,)=A(g,)+A(e,)= a,=a,;
. Alg,+e,)=A(e)+A(e,)=> a,=a,.
From these obtained equalities we get
Ale)=-a.e,, A(e)=—ca.e +pae,+a.e,.
Then A(X) =[x, a.e +a,t, +a,6, + a41e4]. This means that the operator A is an inner derivation.
The algebra Lm. For the element @ € L, we define the inner derivation on L10 as follows
26
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ad, (x)=[x,a]=[xg, + X6, + X&, + X,8,,8e +a,e, +ae, +a.e,]|=
(ax1a4 - X4aa1)e2 + (XlaZ - X2a1 _aazlxl _aalle)es + (X1a3 - X3a1)e4’

where X € Lm.
Let A be a local inner derivation of the algebra Lm .
Checking the equality of A(X) = adx (X) for values of X equalto €,€,,€,,€, and €, +€,,€, +€, we

obtain the following:
A(el) = 0{3.4162 + (a21 + aa41)e3+a31e4' A(ez) = _a'12e3 ' A(es) = _alseA ’

Ale,)=-ca,e, —aae,, A(e,+e,)=—ae,—age, A(e,+e,)=—abe, —abe, —be,.
Then we have the follows
¢ A(e2+e3):A(e2)+A(es):> A, =ay,;
. Alg,+e,)=A(e)+A(e,)=> a,=ay;
and
A(es) = _a12e4 ' A(e4) = _aalzez - aalzes'
Then A(X) = [X, a.e +a,€6, +a,6 + a41e4]. This means that the operator A is an inner derivation.

The algebra Lu. Repeating the previous technique for this algebra, we get that every local inner derivation on

L, is a derivation.

The algebra L, . For the element & € L,, we define the inner derivation on L, asfollows
ad, (x)=[x,a]=[xe, + x.e, + X, + X,e,,ae +ae, +ae, +a,.,]|=
1 1 1 1 1 1
= (g Xa, — ngaljez + (Xla2 —X,a + §X1a3 - §x3a1je3 + (é Xa, — 5 x4a1je4.
where X € L, .
Let A be a local inner derivation of the algebra L, .

Checking the equality of A(X) = adx (X) for values of X equal to €,€,,€;,€, and €, +€,,€, +€, we

obtain the following:
1 1 1 1 1
A(el):§a21e2+ a21+§a<;1 es+§a4le4' A(ez):_galzez_alzea’ A(es):—§a13e3,

1 1 1 1 1
A(e4) :_§a14e4' A(es +e4) :_§a183 _§a1e4' A(62 +e4) :_gblez _blea _§b184’

Then we have the follows

. Alg+e,)=A(g)+A(e,)=> a, =a,;
. Ae,+e,)=A(e,)+A(e,)=> a, =a,;

and
1 1
A(es) = _5 alzea ' A(E4) = _§a12e4'
Then A(X) =[x, a.e +a,t, +a,e, + a41e4]. This means that the operator A is an inner derivation .
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The algebra L14. For the element A € L14 we define the inner derivation on L14 as follows
ad, (x)=[x,a]=[xe + X, +x&, +X¢e, ae +a,e, +ae +ae|=

= (X1a3 - XSal)eZ + (X1a2 - X2a1)e3 + (Xzas - Xsaz)e4'

where X € L14-

Let A be a local inner derivation of the algebra |_14 .
€, ,e,,e, and

Checking the equality of A(x):adx(x) for values of X equal to €,€,€,€

€ +€,,€, +€,,€ + €, we obtain the following:
A(el):a?.1e2+a2193’ A(ez):_alzes+a32e4’ A(es):_alsez_azsezu A(e4):O’
Ale, +e)=(a,—a)e, +ae,—ag, A(e,+e,)=—be,—be,+(b,—b,)e,

A(e +e,)=ce, +(C,—C,)e, +Cge,.

Then we have the follows
. Ale+e)=A(g)+A(g)= a,=a,;

(
. Ae,+e)=A(e,)+A(e,)=>a, =a,;
. Ale+e,)=A(e)+A(e,)=>a, =a,;

and
A(ez) = _a1293+a31e4 ) A(es) = _a12e2

Then A(X) =[x, a6 +a,6, + a31e3]. This means that the operator A is an inner derivation

On four-dimensional Lie algebras |_1 — le and |_14 , an arbitrary local inner derivation is an inner derivation

The algebras L13 and L15 admit a local inner derivation that is not an inner derivation.
The algebra L13. For the element @ € L, we define the inner derivation on L13 as follows

[x,a]=[xe + X8, +X&, + X8, ae +ae +ae +ae,]=
= (X1a2 - X2a1)e2 + (Xla':l - X3a1)ea + (X2a3 —X,a, + 2X1a4 - 2X4a1)e4

where X € L,.

Consider an operator
42772

This operator is a local inner derivation, because A( ) = [X, ¢(X)] is true for the function

1
—(@X, + A% +8yX, )8, X, =0, X, %0,
2

A(X)=(a,X, +a,X, +a,X,)e,.

Ay
_761' X =X,=%X=0,

1
——(@ua%; + X, )8, X =X, =0, X; %0,
3

P(X) =

i(a42x2 + 83X, +ayX, )8y, X % 0.
2%,
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Now let’s show that A is not an inner derivation. Let U= e + 282 +€,+¢, and
v=2e +e,+2e,+0,5¢e,. From L, multiplications we get [U,V]=0. Then
A(u)=(2a, +a,+a,)e, A(v)=(a, +2a,+0,5a,)e, and
A([u,v])=0, A(u)v+uA(v)=—(3a, +1,5a, )e, +3a,¢e, #0.
Hence it follows that
A([u,v]) #A(u)v+uA(v).

Since A is not a derivation, it is also not an inner derivation.

The algebra L15 . As in the case of the algebra L13 , the operator

A(x)=a,xe, +a,xe, =[x, #(X)],
0, x, =0,
#(x) = n (crdy +3,) % +a,%
ax

a, a,
(a31+ 1)6‘2— 1e3 J X1¢0
(04 o

is a local inner derivation which is not an inner derivation.
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Rezyume. Mazkur maqolada to’rt o 'chamli Li algebralarining local ichki differensiallashlari o ’rganilgan.
Pestome: B smom cmamve u3yuenvl 10KaibHble 8HYMpeHHue OUp@epeHyuposanus uemvipexmepulii aneeop Jiu.

Kalit so’zlar: Li algebrasi, differensiallash, ichki differensiallash, local ichki differensiallash.

Knroueewie cnosa. Anzedpa Jlu, oupgeprnyuposarue, enympentnue ouggepenyuposarue, 10KaIbHble HYMPEeHHUe
oughghepenyuposanue.

29



	Science Magazine hief ditor:
	Deputy editor in chief:
	Executive secretary:
	Editorial board:

