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REZYUME

Mazkur maqolada to‘rt o‘lchamli Li bo‘lmagan filiform Leybnits algebralarining ichki lokal differensiallashlari o‘rganilgan.
Fl(a4,6') algebrasining har bir lokal ichki differensiallashi ichki differensiallash ekanligi isbotlangan.

PE3IOME

B craTtbe M3yueHbI JOKaIbHbIE BHYTpeHHHE JU(HEepeHIMPOBaHNS YeThIpeXMEpHbIX (QUIM(pOPMHBIX HE JHeBbIX anreOp JlelOnua.

Jloka3aHO dTO, BCSKOE JIOKaJbHOE BHYTpeHHee H(pQepeHINpOBaHHE anreOpsl

F'(a,,0) Kpome ciyuas a,=0#0 ssutercs

BHYTPEHHHM JU((EpeHIPOBAaHUEM H B  Cllydae a,=0#0 Ha anrebpe F](aM@) CYIIECTBYET JIOKaJTbHOE BHYTPEHHEE

i hepeHmpoBane KOTOPOe He ABISETCS BHYTPEeHHUM JiuddepeHImpoBanuem.

SUMMARY

In this article, local inner derivations are studied of four-dimensional filiform of non-Lie Leibniz algebras. It is proved that every lo-

cal inner derivation of the algebra F! (a,,0) is an inner derivation.

LOCAL INNER DERIVATIONS ON THREE-DIMENSIONAL LIE ALGEBRAS
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Tayanch so’zlar: Li algebrasi, differensiallash, ichki differensiallash, lokal ichki differensiallash.
KunroueBsbie ciroBa: anre6pa Jlu, muddepennmanys, BHyTpeHHss auddepeHnuanys, JoKaabHas BHYyTpeHHsI AuddepeHnuans.
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1. Introductions. Currently, various types of deriva-
tions over algebras are being studied, for example, deriva-
tions, local derivations, 2-local derivations, almost inner
derivations, etc. Local derivations were first considered in
the work of R. Kaidison in 1990 [10] and, independently in
the work of D. Larson and A. Surur [11]. In these papers,
some conditions are indicated under which local derivations
is derivations. R.Kaidison's paper considered local deriva-
tions on von Neumann algebras and in some polynomial
algebras. L.Molnar [12] introduced the definition of local
inner derivations on standard operator algebras.

The first results concern to local and 2-local derivations
and automorphisms on finite-dimensional Lie algebras over
algebraically closed field of zero characteristic were ob-
tained in [2, 3, 5] and [7]. Namely, in [5] it is proved that
every 2-local derivation on a semi-simple Lie algebra L is a
derivation and that each finite-dimensional nilpotent Lie
algebra with dimension larger than two admits 2-local deri-
vation which is not a derivation. In [2] the authors have
proved that every local derivation on a semi-simple Lie
algebras is a derivation and gave examples of nilpotent fi-
nite-dimensional Lie algebras with local derivations which
are not derivations. Concerning 2-local automorphism,
Z.Chen and D.Wang in [7] prove that if L is a simple Lie
algebra of type Ay, D, or Ey, (k = 6,7,8) over an algebraical-
ly closed field of characteristic zero, then every 2-local au-
tomorphism of L is an automorphism. Finally, in [3]
Sh.A.Ayupov and K.K.Kudaybergenov generalized this
result of [7] and proved that every 2-local automorphism of
a finite-dimensional semi-simple Lie algebra over an alge-
braically closed field of characteristic zero is an automor-
phism. Moreover, they show also that every nilpotent Lie
algebra with finite-dimension larger than two admits 2-local
automorphisms which is not an automorphism. Local auto-
morphisms of certain finite-dimensional simple Lie and

Leibniz algebras are investigated in [4]. Almost inner deri-
vations of Lie algebras were introduced by C.S. Gordon and
E.N. Wilson [8] in the study of isospectral deformations of
compact manifolds. Almost inner derivations of nilpotent,
some solvable Lie algebras and some nilpotent Leibniz al-
gebras were studied in the papers by [6] and [1].

2. Preliminaries. To begin with, recall the definition of
Lie algebras.

Definition 2.1. An algebra L over field [F is called a
Lie algebra if its multiplication satisfies the identities:

D [x,x]=0,

2 xly.zll+[y.[z.x]]+[z,[x Y]] =0,

forall X,¥,Z in L.

The product [X, Y] is called the bracket of X and Y.
Identity 2) is called the Jacobi identity.

Let L be a finite-dimensional Lie algebra. For Lie al-

gebra L we consider the following central and derived
series:

U'=L, L =[L“1,L],i21,
LY=L, =101 k=1,

A Lie algebra L is nilpotent (solvable) if there exists
m=>1 such that L" =0 (L™ =0).

Definition 2.2. A derivation on a Lie algebra L is a lin-
earmap D:L — L which satisfies the Leibniz rule:

D% yD =[DX), y]+[x,D(y)] 21
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for any X,y € L. The set of all derivations of a Lie algebra
denoted by Der(L)- Let @ be an element of a Lie algebra
L. Consider the operator of ad :L—L defined by
ada(x) =[x,a]. This operator is a derivation and called
inner derivation. The set of all inner derivations of a Lie
algebra denoted by InDer(L)-

Definition 2.3. A linear operator A is called a local
derivation if for any X & L, there exists a derivation
D,:L—L (dependingon X) such that A(X)=D,(X)-

Definition 2.4. A linear operator A is called a local in-
ner derivation if for any X € L, there exists a inner deriva-
ad :L—>L (depending on X) that
A(x)=ad,(x)-

We present the following theorem which gives a classi-
fication of arbitrary three-dimensional Lie algebras.

Theorem 2.1. [9]. An arbitrary three-dimensional Lie
algebra is isomorphic to one of the following algebras:

tion such

L, : abelian;

L, :[e.e]=¢;

3. Main results. In this section we will consider local
inner derivations of three-dimensional Lie algebras.
The following theorem is the main result of this work.

Theorem 3.1. Any local inner derivation on three-
dimensional Lie algebras is an inner derivation.

Proof. We will check whether the local inner deriva-
tions of these six algebras are inner derivations.

The algebra L, First, consider the algebra L, from

Theorem 2.1. Inner derivations on the algebra L0 are zero.

Therefore, any local inner derivation is also zero.
For the algebras L1 and Lz, we check the equality

A(ei):ade, (ei) (i=1,2,3) for the basis {e ,e,,e,}.

3
The algebra L. For x=>xe el exists element
[}

i=1

3
a=Yae such that
; 11 e Ll
ad,(x)=[x,a]=[xe +xe, +xe,ae +ae +ae|=
= (X1a2 - X2a] )93;

Hence, matrix of the inner derivations of L, has the

form
0 0 O
ad={ 0 0 0|
-a 0

Iim hdm jdmiyet. ¥e2.2022

Let
& F A 3.1
A= a, a, a,
a a

31 32 33

the local inner derivation of algebra L1 .

By definition of local inner derivation, checking the
equality A(ei ) - ade‘ (ei) (i=1,2,3) for the basis {g ,e,, 63} ,
we obtain the following:

* For el : A(el) =a,6 +8,6 +a,¢e,, ade1 (eu): age,)e )

3

Comparing the coefficients of the basic elements, we have

a,=a,=0,a=2a"
* For e2 : A(ez) = alZel + azzez + a32e3 >
adez (ez) = —al(eZ)es, Then we get
a,=0,a,=0,a, :_aq(eZ);
° For e3 : A(e3) = a13e] + a23e2 + a'j}e} ;
ad% (eS) =(). Then we obtain

a,=a,=a,=0.
Then (3.1) has the following form
0O 0 0
A= 0 0 O]
a, a, 0

31 32

From the last obtained we have
Ale)= al"e,, A(e,)= —a/*Je,. Since, operator A is lin-
ear, then
AX)=A(XE + X8, + X&) =(a"x —a™'x,)e,.
This means that the operator A is an inner derivation.
The algebra L2 . Repeating the previous technique for

this algebra, we get that inner and local inner derivations
have the following forms respectively

a -4 0 a, &, 0
ad={0 0 0] A= 0 0 Of
0 0 0 0 0 0

This means that the operator A is an inner derivation.

Note that in this algebra, every local inner derivation is
an inner derivation.

For the algebras L, and L,, we check the equality of

A(x)=adx(x) for values of X equal to €,6,,6, and g, +e,
The algebra L,. Let y ixiei el Then for element
i=1

3
X € L exists element 3 =3 g e L, such that
i=l

ad,(x)=[x,a]=[xe +x.e, + X, ae +a,e, +a,e, | =
=(xa, + X8, —X,a —Xa,)e, +(Xa, — X3, )e,.
Hence, matrix of the inner derivations of L3 has the

next form
0 0 0

ad=|a,+a, -a -a
a, 0 -q
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Let Let
a'1 1 alZ a'1 3 al 1 alZ a13
A=la, a, a,| A=la, a, a,|
aSl a32 a33 a31 a32 a33
the local inner derivation of the algebra L . the local inner derivation of algebra L, .

Checking the equality of A(x) = adx( x)for values of Checking the equality of A(X) = adx( X) for values of

X equal to €.,6,,6, and e +e,,we obtain the following: X equal to €.6,,6,,6 +6,,6 +¢, and e, +e,, we obtain
e For e: A(el ) —ae+ae +a,ge,, the following:
* For €: A(el):anel +a,6 +a;€,,

a.del (el) :(agel) + aga))ez + a§61)e3, and so
a, =0,a, zagel) _|_a§e|)’a31 =a§el).
eFore: A(ez) =8,6 +a,8 +a,e,,

ad, ()= —2ale, +ale,. Comparing the coefficients of

the element €, , we have

a, =0.
e . —
¢’:1d92 (ez) = —af )ez. Then we get e For g: A(ez) =a,,6 +a,6, +a,€;,
~0,a, = a, =0. ad, (ez) = 25,13(‘*2)e2 - al(eZ)e3, Comparing the coefficients of
o For €, A(e3) —a.e +a2362 +a,e,, the element € , we have
_ (es) _ (e3) a12 =0.
ad, (e3) =74 78 738 Then we obtain .
a. =0 _ —_a ) e For €, A(ea):a13e1+a23ez+a33e3’
137 Uh 8y =85 =8, ad, (e,) zzafel)e] _2a£93)ez_ Comparing the coefficients of
eFor e +e,;: A(e,+&)=(a,+ay)e, +a,e,
the element €, , we have
d .. (e +&)= —2a%"*e, —al***)e, and
a,, =0.
a,, =ay;. °
For e +e,: Ale +e,)=a.e +a,e, + + e
Then local inner derivation of the algebra L3 has the ( ) I (a31 a”) 3
el+e2
following form de e, (e +e )_ —28
0 0 0 +2a391+92 (agel +92) _ al(el +ez) )e3 Comparing the coefﬁ_
A=|a a, a, .
cients of the elements € and €,, we have
a3] 0 a22 a = _2 _ 2 1 e _
This means that the operator A is an inner derivation. 1=, 8y =28, 16 8y, =
The algebra L,. As in the case of algebra L, it is e For g +e;: A(e +e )=(a +a13)e +a,,8, +a;6;,
shown that a_de e, (el +€; ) (23_ e +ey) 26‘3el+e3 ) 2a2e1 +e5) e, + a'z +e3
0 0 0 0 0 0 b
ad=|a, -a 0 |, A=|a, a, 0 | Comparing the coefficients of the elements €, and e , we
Aa, 0 -Ja a0 Ja, have
This means that the operator A is an inner derivation. 4y =—28,,8, =8, 1 @, =—2a,,.

3 ° For e, +e,:
Thealgebra |_. Let X = Z X, € L, . Then for ele-
i=1 A(62 +e3)=a13e1 +(_a11 +a'z3)e2 +a;,65,

3
ment X € L, exists element g = zae_ e L. such that <’:lde 1o, (e +e )= Za(ez*e-*)e +

o ’ (e2r1) Comparing the coef-

e, +e €, +€: €, +€:
ad,(X) =[x,a]=[xge + X, + X;&,,a8 +ae, +a,e]= (233 - 2a ) —a," e,
= (2x3a1 —-2X,a, )e1 + ficients of the elements €, and €, , we have
+(2X2a3 - 2X3a2 )ez + (X1a2 —X,q )e3~ & = 2a‘ 285 = =8 1.6 8 = —2332.
Then local inner derivation of algebra L5 has the fol-
Hence, matrix of the inner derivations of L, has the lowing form
form a, 0 -2a,
-2a, 0 2a A= 0 -a, -2a, |
ad=| 0 2a, -2a a, a, 0
a4 -q 0

This means that the operator A is an inner derivation.
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REZYUME
Ushbu magqolada biz uch o‘Ichovli Li algebralarining mahalliy ichki hosilalarini o‘rganamiz. Biz uch o‘Ichovli Li algebralarining har
qanday mahalliy ichki hosilasi ichki hosila ekanligini ko ‘rsatamiz.
PE3IOME
B 970l cTaThe MBI UCCIIEyeM JIOKAlIbHbIE BHYTpeHHUE quddepeHpoBanus TpexMepHbIX anredp Jln. Mbl nokasbiBaeM, 4To Jiroboe
JIOKaJIbHOE BHYTpeHHee TudhepeHIMpoBaHNe TPEXMEPHbIX anreop JIu sBisiercss BHYTpeHHHM Au(depeHInpOBaHHEM.
SUMMARY
In this paper we investigate local inner derivations of three-dimensional Lie algebras. We show that any local inner derivation of
three-dimensional Lie algebras is an inner derivation.

YK 517.91/943
O NOCTPOEHUU ACUMIITOTUYECKHUX PEHIEHUW CUCTEMbI HEJIMHEMHBIX
JA®PEPEHIUAJIBHBIX YPABHEHUI C MAJIBIM IAPAMETPOM TP ITPOU3BOTHBIX
C IEPEMEHHBIM OTKJIOHEHUEM APTYMEHTA
A.T'.AnnieB — KaHouoam puauKo-mamemamuyeckux HayK
JDrcuszaxckuil 20cyoapcmeentblil nedazoutecKuti UHCIumym
HI.A.AnuieB — npenooasameins

JDicusaxckuti nonumexHudecKutl UHCmumym
Tasinu cy3map: Bekrop, Teiop, TeHrnama, kK03h(GUIMEHT, WIAH3, aCUMIITOTUKA, AU PEepeHIInal, TH3UM, PACMUN, MapyaTaHHII,
KETMa-KeT/IHK, CEKHH y3rapyByaH.
Kawuessle ciaoBa: Bextop, Teitnop, ypaBHeHUs, K03)OUIMEHT, KOPEHb, aCHMIITOTUKA, AuddepeHnual, cucrema, GopManbHbId,
Ppa3noKeHus1, PsiJi, MEAJICHHO MEHSIOIHNCS.
Key words: vector, Taylor, equation, coefficient, root, asymptotics, differential, system, formal, expansion, series, slowly changing.

PaccMoTpum cucremy P(z-, X, g) = P(z’, X) X (O <g<lg 0], rae P(r, X)— HEKO-

TOpas 00JIaCTh MPOCTPAHCTBO MEPEMEHHBIX ( 7, X ), HeoTpa-

2
%W—i—éf(ﬂx,g)(l)

HUYEHHO 1 hepeHIpyEMBI;
6)mpu 7€[0,L], w(r)=0, Rew,(c)<0 g=27;

B 1. A )20, (v A)p) % (v, 1, (elo). veeloL] @)
e 9N 1 e N(a (e)) - A:(e) o
TMIIEKCHO  CONpPSUKEHHAs MaTpulia K martpuue A (7)

(cm[3,4]). Torma ypaBuenue (1) mmeer dopmanpHOE YacT-
HOE peleHue Buia

X(t.e)= > ulug(c) =+ 5)
S=0

2
g% _ A e+ 8(r, )

rae X(t,g), f —N—MepHBIE BEKTOPEI, A(‘[,g), B(T,S)—
JIEUCTBUTEIIbHBIE (nxn) MAaTpPULBI. A(Z')ZO, TIEpEMEHHBIE

0<7 =gt <L <+00—mMemnenHoe
£ >0 manbie mapamMeTpel.

B [1] paccMOTpeHBI aCHMNTOTHYECKHE PAa3TIOKCHHS
pELICHUH CHCTeMbl JTMHEHHBIX AU (PepeHINAIbHBIX ypaB-
HEHUIl IepBOro MOopsIKa HEHTPaIbHOTO THITA, KOTA XapaK-
TEPUCTUYECKOE YPABHEHHE MMEET OTJIMYHAs OT HYJST KOp-
HSL.

OTKJIOHCHMUA, BpEMs,

B mHacrosimeit pabore paccmarpuBaeTcst BOIPOC I10-
CTPOCHHMS PeIIeHHs cucTeMbl (1) MpH HaIMYMK HYJIEBOTO
KOpHs ypaBHeHus (3), T.e. TaK Ha3bIBAEMbIH KPUTHUECKUIA
ciydait [2,3]. Orot ciywait aya cuctemsl Buaa (1) B aure-
paType He paccMaTpUBaach.

Teopema 1. ITycTb BeIMONHAETCA yCIOBUS:

a) MaTpHIIbI As(r), Bs(r) (S = 0,1,...) u QyHKIMSA
A(z)>0 npn 7€ [0, L], a BEKTOp f(z’, X,g) B o0yacTu

Teopema 2. ITycTh BBINOJIHSACTCS YCIOBHE a TEOPEMHI 1,
a TaKKe Marpuia Ao(T) UMEET TOJIyIIPOCTOE HYJIEBOE
cOOCTBEHHOE 3HayeHHe KpaTHocTH P <N (mpu P =N
MaTpHIa AO(Z')EO). Torma cucrema (1) mMeeT permreHue
Buja (5).

Teopema 3. Ecnu BBINOTHAETCS yCIOBUE a) TEOPEMSBI 1,

1 Xapakrepuctuyeckoe ypaBHeHHe (3) cucremsl (1) nmeer
OJIMH HYJIEBOM KOPEHb KPATHOCTH N,C KOPHEBBIM MOJIPO-




