https://buxdu.uz

O‘ZBEKISTON RESPUBLIKASI
FANLAR AKADEMIYASINING

MA’RUZALARI

4

2022

 TOKJIAJIBI

AKAJEMHUU HAYK
PECITYBJHUKU Y3BEKHCTAH

MATEMATHKA
TEXHUYECKHE HAVKH
ECTECTBO3HAHUE

O'ZBEKISTON RESPUBLIKASI FANLAR AKADEMIYASI
«FAN» NASHRIYOTI, TOSHKENT, 2022




https://buxdu.uz

#

f

i .

L O'ZBEKISTON RESPUBLIKASI FANLAR AKADEMIYASINING MA'RUZALARI Jl {

VK 5§17.938 ' j
S.S.Xudayarov

A QUADRATIC NON-STOCHASTIC OPERATOR ON 2D-SIMPLEX

(Submitted by Uz AS academician Sh.A.Ayupov)

Introduction. Non-linear dynamical systems arise in many problems of biology, physics and
other sciences. In particular, quadratic dynamical systems describe the behavior of populations of
different species (see [1]-[5] and the references therein).

In this paper, we consider a quadratic non-stochastic operator mapping the two-dimensional
(2D) simplex to itself. We find all fixed points and invariant sets of the operator. Moreover, we
study behavior of trajectories generated by the operator.

Let £ = {1,2,...,/m). A distribution on the set £ is a probability measure x = (xy,....- X )
i.e,, an element of the simplex: '

{ m
SEsis {.\' € R”: x; 2.0, z X, = lI.

i=1
In general, a quadratic operator V, V:x € R™ — 1’ = V(x) € R™ is defined by:
Vix!, = L=y Py, k=1,.,m. (1)

N

The following theorem gives conditions for coefficients of ¥ to preserve the simplex.

Theorem 1. [5] For a quadratic operator V given by (1), to preserve a simplex SHitls
sufficient that
i) : : ‘
s Pi=1 j=L..m
i) 0. < Pup S L =0, i i Y

1 P it :
“1) —-.n__l'\/Pu'.L'ijJ( < Pl),k Sl \‘[(1 —Pn.k)(l T P;;‘k)'

and necessary that the conditions i), i) and
1) = fPrePra S Py S 1+ VU= P ) A By)
are satisfied. ;
Definition 1. [5] A quadratic operator (1), preserving a simplex, is called non-stochastic
(shartly OnSO) if at least one of its coefficients Py, = ] is negative.
In this paper, we consider (see Remark 2.2 in [5]) the following example of QnSO on the “
2D-simplex S§°: ‘

3 !
x'=2(z=y)" +3x(y )

Vo Ay’ =§(x—z):+§y(xf:) 3)
oy =-:-(y— x)° + %z(x +v).
Let 5; be a permutation group of order 3. We define the action of s3 on §7 in the following
way: ifg € s3,x € S?andM € S7, then
g(x) = (Xgiap Xgian Xgizi)s
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S : g(M) =(g(x): x € M},
The action of S5 on the operator V; is defined as follows:

BT (9%)(x) = 9(%(x)).
Fixed points. The fixed points are solutions to the system

X=2(-y) +ixr+2)

y= f(x =2 +iy(x+ )

z=2(y~x)" +2z2(x + ),
Lemma 1. If x is a fixed point of the operator Vy, i.e., V() = x, then, for any g & s3, then point
9(x) is also a fixed point,
It is casy to find the following fixed points of the operator (3) :

=(ptl = (gl = (i3 =ifd 3:2
it e (0’:':) @z (: .O,:).03 (:.:,0).@ (3'3'3)'
Definition 2. [2] A fixed point v of the operator V' is called hyperbolic if its
Jacobian J at x* has no eigenvalues on the unit circle.
Definition 3. [2] A hyperbolic fixed point x”. is called:
i) attracting if all the eigenvalues of the Jacobian J(x*) are less than 1 in absolute value;

ii)  repelling ifall the eigenvalues of the Jacobian J(x*) are greater than | in absolute value;
i) asaddle otherwise.

To study the type of each fixed point, rewrite operator (3) (usingx = 1 —y — =) as
1 R

xli= = (1=x=2v)*= =iy

W % =
\" =
2
Note that # maps the set K = {(x,y) € [0,1]*:0< x
For eigenvalues of the Jacobian at fixed points we have

Seet 7.3
(Cx—1+2v)° 'f‘j;_\'(l =MD

Ty < 1}toitself,

Case.a;: .4 =2 /1:=-§_
Case a.: "x="§. ;12=§’
Caseay: A, =—32, 4,=2%,
Caseay:  Ap. =§'

Invariant sets. Lemma 2. For any g € syand x € 57, the following equality is true:
(@) (x) = 9 (Vp(x)).
Lemma 3. If M is an invariant set of the operator 3, i.e., Vo (M) S M, then, forany g € s3. the set
9(M) is also an invariant set for V.
Denine

My ={(x,y,z) € 5%
M,={(x,y,z)€ S*: X>z>y» i],
My={(x.y,z) € §%

M, = {(I._\’.:) €S >z
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M= (ipm) e @i s st

}.
M= {(x.v,z)e s% z> Yo i }.
) °
;\’;;;:lezlror:aICthl:: dsiets M, i'= 33 2,‘3.~4, 5 6 a.rc inYariam with respect to the operator V, ,
: an of the simplex $* s an invarian,
Trajectories. For any v° = (x9,y0 -0 € 52 4 trajectory is defincd by

pintl) o (x(rlﬁl Y(n*l) .‘r.-l') =1 (\,m; pind _(,:)) 730
[ " - T Yo\’ 9 " - " = V.

Lo

Theorem 2. For the operator Vg the following hold
I) There are invariant curves Yol =123 suchthata, € y, and if #'¥ € y, then lim v =q,.

2) Forany »'® g 2\ U, ¥, the following holds |
(1 1.3

lm i = lim (x’.n)'y(n)':(n)) — ==,
ity 3337

n—ce

Conclusions. The results have the following biological imcr;;rctations:

Let © = (x,3,2) be an initial state (the probability distribution on the set E = {1,2,3} of
genotypes). Theorem 2 says that, almost surely, the state of the system tends to the equilibrium state
Lé%? with the passage of time, i.e. the future of the system is stable; all genotypes 1,2 and 3 are
survived always with equal probability.
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C.C.Xynasipos
2D- CHMINIERCAArH KBAJPATHK HOCTOXACTHK ONEpPaTop
Ywby Makonaza MKKH ¥140Bau 2-D CHMIIEKCHH Y3HHM-Y3Hra YTKa3yB¥M KsaapaTHk

CTOKacTHK Oyamarad omeparop Kapanra. bepuiran oneparop yuyd Kysranmac HYKTanapH,
HHBAPHANT TYNA2MTapH Ba AMHAMUK CHCTEMA TPAEKTOPUACHHHHT TMMUT HYKTANapH YpranHaras.
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C.C.Xynastpos

Ksaaparuieckuii necroxacruucekuii oneparop Ha 2D-cummiexe

B cramse pacemarpusacres KBAJPATHUIIBIH HCCTOXACTHYECKHH OMepaTop, MepeBOASLIMI
AByMepHbIi  (2D) cumiuieke B cebs. Haiinenur sce HEMOJBHKHBIE TOUKM M WMHBAPHAHTHBIC

MHOXECTBA  oneparopa. Kpome Toro, Ml msyvaeM noseackue TPACKTOPHMH, MOPOKAEHHBIX
OTIEPaTOPOM,

S.S.Xudayarov
A quadratic non-stochastic operator on 2D-simplex

In this paper, we consider a quadratic non-stochastic operator mapping the two-dimensional
(2D) simplex to itself. We find all fixed points and invariant sets of the operator. Moreover, we
study behavior of trajectories generated by the operator.
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