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On the continuation of solution of the generalized Cauchy-Riemann system
with quaternion parameter
ISattorov E., 2Rustamov S., *Boboxonova G*.
U Samarkand State University, Samarkand, Uzbekistan,
e-mail: avtorl@mail.ru
2 Nawoi State Pedagogical Institute, Navoi, Uzbekistan,
e-mail: Rustamov-S@Qmail.ru
3 Samarkand State University, Samarkand, Uzbekistan,
e-mail: boboxonova-g@mail.ru

In this paper, we present an explicit formula for the continuation of the solution of the Cauchy
problem for a generalized Cauchy-Riemann system with quaternion parameter|1]

apfo — divf— < f, @ >=0, gradfo +rotf +[f x &+ fod +apf =0, (1)

. Q is a bounded simply connected domain in R? with boundary 02 composed of a compact
connected part T' of the plane y3 = 0 and a smooth Lyapunov surface S lying in the half-space
y3 > 0, with Q = QU OD, 092 = SUT. As to S, we assume that each ray issuing from any point
x of the domain €2 intersects this surface at most [ points. The solution of the Cauchy problem
will be constructed in the domain 2 for the case in which the Cauchy data are given on a part S
of the boundary. The Cauchy problem for a generalized Cauchy-Riemann system with quaternion
parameter is an ill-posed problem (see Hadamard’s example in [2. p.39 (Russain transl.)]).

We assume that the solution of the problem exists (then it is unique [3, p.58]) and the exact
Cauchy data are given. Under these conditions, we establish an explicit continuation formula which
is an analog of the classical Riemann-Volterra-Hadamard formula for solving the Cauchy problem in
the theory of hyperbolic equations. An explicit regularization formula is proposed for the conditions
given above hold and, instead of the Cauchy data, their continuous approximations with prescribed
deviation in a uniform metric are given under the condition that the solution is bounded by a
positive number on a part 1" of the boundary.

The method of deriving of these results is based on the explicit construction of the fundamental
solution matrix for a generalized Cauchy-Riemann system with quaternion parameter (depending
on a positive parameter) vanishing as the parameter tends to infinity on 7" when the pole of the
fundamental solution lies in the half-space y3 > 0. Following Lavrent’ev and Yarmukhamedov, we
call the fundamental matrix of solutions with this property the Carleman matrix for the half-
space [4],[5]. After the construction of the Carleman matrix in explicit form, the continuation and
regularization formulas for the solution of the Cauchy problem can be written out as a generalized
spatial Cauchy integral formula.

Statement of the problem. Given are the Cauchy data for the solution of system (1) on
the surface S:

F(y)ls=9(y), yes (2)

3
where S is a part of the boundary of the domain Q, ¢(y) = > gx(y)ix is a given continuous
k=1
quaternion-valued function.

For a— hyperholomorphic function the quaternionic left Cauchy integral formula is defined
(see [6, Subsection 4.15]):

Teorema. Let Q is a bounded simply connected domain in R® with boundary 02 composed
of a compact connected part T of the plane y3 = 0 and a smooth Lyapunov surface S lying in the

half-space y3 > 0, with Q = QU IN, 90 = SUT.. Let f € CP(Q, H(C)). Then

Kg[f(x) := —/f(ﬁ[nrf(ﬂ] = fo(z),z € Q. (3)
S

where
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(1) If a = g € C, then N
Kolf1(7) i= Kap(x = 7) f(7). (4)
(2) If o € R, A2 # 0, then

@) f VTR 4T + ——Ke (@) (VT - Q. (5)

R2(f](r) == — Nee

=K
/a2 &t
(3) If ¢ R, &2 =0, then

K [f)(r) i= Koo () f(7) + ;%[Kao](w)f(f)ﬁ- (6)

(4) If « € R, a9 # 0, then

RELIT) i= g0 Kaog(@)f(D)a -+ 5o Kool (@) (7). (7)

(5) If « € R, a9 = 0, then

K3 [f1(r) := Ko(2) f () + ®o(x) f(7)a (8)
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Essential spectrum of a 3 x 3 operator matrix with non compact perturbation
Saylieva G.
Uzbekistan, Bukhara State University
e-mail: gulruxsayliyeval306@gmail.com

Block operator matrices are matrices the entries of which are linear operators between Banach
or Hilbert spaces [1]. They arise in various areas of mathematics and its applications: in systems
theory as Hamiltonians, in the discretization of partial differential equations as large partitioned
matrices due to sparsity patterns, in saddle point problems in non-linear analysis, in evolution
problems as linearizations of second order Cauchy problems, and as linear operators describing
coupled systems of partial differential equations. Such systems occur widely in mathematical physics,
e.g. in fluid mechanics, magnetohydrodynamics, and quantum mechanics. In all these applications,
the spectral properties of the corresponding block operator matrices are of vital importance as they
govern for instance the time evolution and hence the stability of the underlying physical systems.

In the present note we investigate the essential spectrum of a 3 x 3 operator matrix with non-
compact perturbation. This operator is associated with a lattice system describing two identical
bosons and one particle, another nature in interactions, without conservation of the number of
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[TpocrpancrBoMm ocHoBHBIX dyukumiiD = D(G) = C5°(G) Ha3bIBaeTCsl BEKTOPHOE IIPOCTPAH-
cTBO (DYHKITUI HEOrPAHUIEHHOE YUCJIO pa3 quddepeHnnpyeMbIX u 00/1aJa0MNX KOMIIAKTHBIME HO-
curesisivu. O0061eHHAsT DYHKIWST f OlpeessieTcss KaK HePePbIBHBIN JTUHEHHBIN (DYHKIIMOHAJ HaJT
D.

Bynem rooputs, uro 0600IeHHAasT DYHKIMS f UMeeT HOPSIJIOK CHHTYJISPHOCTH He 0oJiee deM
k, ecyin OHa HENPEPBIBHO MPOJIOJIXKAETCS B IIPOCTPAHCTBO C'(’)“(G), k pa3 nerpepbIBHO juddepeHiu-
pyembix dyHKiuii. Ecim, kpome Toro, f He IpOIO/IKAETCST B Cg_l(G), TO TOBOPST, UYTO MOPSAIOK
CHHTYJISIPHOCTH 0DOOINeHHO# byHknu f paBeH TOYHO k.

Teneps cchopmymupyemM OCHOBHBIE Pe3YJIbTATHI.

Teopema 1. ITycmw f €D'(G)— obobwennan dynryus nopadka cunzysaprocmu k : 0 < k <
m. Toeda dasn mobozo € > 0 cywecmeyem omrpoimoe mmosicecmeo Uz ¢ mepot Jlebeea m (Uy) < €
maxoe, wmo pewenue u(x) ypasnenus P (D) u = f npunadaesicum xaaccy C™F na xomnaxmmois
nodmmoosrcecmear paznocmu G\Us.

Teopema 2. IIyemov f €D'(G)— obobwennasn Pyrryus nopadka cuneyaaprocmu k @ 0 <
n—m+k+a<n, a>0. Tozda drsn a0b6020 € > 0 cywecmsyem omxpoimoe mmoscecmeo Ug ¢
EMKOCTVDI0 CAPy, i kvo (Ue) < € maxoe, wmo pewenue u(x) ypasnenus P (D) u = f npunadae-
orcum xaaccy C* na Komnaxmmsiz noommoscecmsar pasnocmu G\Us.

B stux Teopemax paccMaTpuBaeTCs TOJIBKO cjaaboe pelleHne, CBA3aHHBIE C MOTEHITHAIAMN
Pucca. OHno onpeseeHo 0IHO3HAYHO U €IUHCTBEHHO.
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B kiacce nenpepbisabix dyukimii Cla, b] C.H. Bepuirreiin [1] onpegenun kinacc KasuaHa-
JTUTHIeCKUX DYHKINN B TEPMHUHAX OBICTPOI MOJIMHOMHUAIBHON aIllIPOKCHMAIUH.

[Iycrs f — dyHKIWs, onpejeieHHas U HelpepbiBHas Ha orpeske A = [a, b] aeficTrBuTeILHOlM
upsiMoit R, e, (f) — HauMenbIee orkaoHeHne byHKIMU f HA oTpe3ke A OT [OJIMHOMOB CTEIIeHU He
BBIIIIE N

m = inf — Pm ,
em(f) ; }Hf Pmlla

m

rae ||| — MakcuMasibHasT HOpMa U HUKHssl I'DaHb OepeTcs B KJIacCe BCEeX IOJIMHOMOB CTEIeHH He
BBIIIIE M.

QOyukius f € C(A) roaoMopdHO MPOIOJIKAETCSI B HEKOTOPYIO KOMILIEKCHYIO OKPECTHOCTD
U C C orpeska A Torna 1 TOJBKO TOI/A, KO

lim %em(f) < 1. (1)

m—0o0

Eciu mbt yesosue (1) 3aMeHuM ycioBuem

lim Y/en(f) <1, (2)

m—0o0
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